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This	 thesis	 addresses	 a	 formulation,	 computational	 implementation	 and	
investigation	 of	 length‐scale	 effects	 in	 the	 presence	 of	 heterogeneities	 and	 internal	
stresses	 in	 continuum	 crystal	 plasticity	 (CCP).	 First,	 we	 implement	 a	 gradient	 crystal	
plasticity	 theory	 in	 a	 finite	 element	 framework.	 Using	 this,	 we	 investigate	 the	 crystal	
orientation‐dependent	 size	 effects	 due	 to	 thermal	 stresses	 on	 the	 overall	 mechanical	
behavior	 of	 composites.	 Then,	 through	 systematic	 simulations,	 we	 demonstrate	
additional	Hall‐Petch	 type	coupling	 resulting	 from	 inclusion	 size‐grain	 size	 interaction	
and	 propose	 an	 analytical	 model	 for	 the	 same.	 Since	 the	 continuum	 crystal	 plasticity	
augmented	by	short	range	 interaction	of	dislocations	 fails	 to	predict	 length‐dependent	
strengthening	at	yielding	point,	a	three‐dimensional	constitutive	theory	accounting	 for	
length‐scale	 dependent	 internal	 residual	 stresses	 is	 developed.	 The	 second‐order	
internal	stress	tensor	is	derived	using	the	Beltrami	stress	function	tensor	that	is	related	
to	 the	 Nye	 dislocation	 density	 tensor.	 One	 of	 the	 common	 sources	 of	 these	 internal	
residual	 stresses	 is	 the	 presence	 of	 ensembles	 of	 excess	 (GN)	 dislocations	 which	
sometimes	referred	to	as	a	mesoscopic	continuum	scale.	The	resulting	internal	stress	is	
discussed	in	terms	of	the	long‐range	dislocation‐dislocation	and	dislocation‐boundaries	
elastic	 interactions	 and	 physical	 and	 mathematical	 origins	 of	 corresponding	 length	
scales	 are	 argued.	 It	will	 show	 that	 internal	 stress	 is	 a	 function	 of	 spatial	 variation	 of	
GND	 density	 in	 absence	 of	 finite	 boundaries	where	 internal	 stress	 arises	 from	GND	 –
GND	 long	 range	elastic	 interactions.	However	 in	presence	of	 finite	boundaries	 such	as	
free	 surfaces	 or	 interfaces,	 additional	 source	 of	 internal	 stress	 is	 present	 due	 to	 long	
range	interaction	between	GND	and	boundaries.	Using	these	approaches,	we	investigate	
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1.1 Length-scale effects in response of materials  
Nature	 relies	 on	 engineering	 its	 creations	 in	 a	 hierarchical	 manner	 in	 order	 to	
impart	impressive	properties	for	a	range	of	applications	(Endy,	2005;	Fratzl,	2007;	Gao	
et	 al.,	 2003).	 Intriguing	 examples	 of	 natural	 structural	 systems	 such	 as	 spider’s	 silk	
(Vollrath,	 2000)	 and	 nacre	 in	 abalone	 shells	 (Meyers,	 2008)	 indicate	 impressive	
strengths	resulting	from	strong,	hierarchical	architectures	at	small	length‐scales	coupled	
with	 robust	 failure	 resistance	 mechanisms.	 Our	 singular	 quest	 to	 mimic	 nature	 has	
spawned	tremendous	excitement	in	synthesizing	materials	and	constructing	structures	





structures	 that	 demand	 high	 strength	 at	 lower	 weight	 (e.g.	 automotive,	 aerospace	
systems)	 to	 miniaturized	 micro	 and	 nano‐scaled	 systems	 that	 are	 being	 adopted	 in	
biomedical	and	electronics	applications.	 In	crystalline	metals,	 size‐effects	 are	 reported	
in	 a	 variety	of	material	 properties	 including	 elasticity	 (Agrawal	 et	 al.,	 2008;	Wu	et	 al.,	
2005),	plasticity	(Dehm,	2009;	Greer	and	Hosson,	2011),	thermal	(Roh	et	al.,	2010)	and	
electrical	 conductivities	 (Boukai	 et	 al.,	 2008),	 as	 specimen	 dimensions	 and/	 or	
microstructural	features	(e.g.	diameter	in	nanowire,	grain	size	in	crystalline	metals)	are	




internal	 structures	 continues	 to	 acquire	 higher	 levels	 of	 sophistication	 (Zhu	 and	 Li,	
2010).		
In	metallic	 microstructures,	 a	 general	 trend	 reported	 in	 artificial	 systems	 is	 that	
microstructures	 with	 smaller	 features	 exhibit	 stronger	 behaviors	 than	 those	 with	





metal	 matrix	 composite	 (MMC)	 increases	 dramatically	 with	 decreasing	 inclusion	 size	
(Lloyd,	 1994).	 Myriad	 examples	 pertaining	 to	 thin	 films	 (Haque	 and	 Saif,	 2003),	
miniaturized	beams	(Motz	et	al.,	2005),	pillars	(Greer	and	Nix,	2006),	rods	(Wong	et	al.,	
1997)	unequivocally	endorse	the	smaller	is	stronger	phenomenon.	In	other	words,	with	
all	 other	 properties	held	 constant,	 the	 smaller	 the	 geometrical	 or	microstructural	 size	
the	 stronger	 a	 material	 is	 expected	 to	 be.	 Seen	 slightly	 differently,	 these	 examples	
suggest	 that	 the	elastic	and	plastic	properties	of	materials	 cease	 to	be	purely	material	
parameters	 as	 the	 specimen	 dimensions	 or	 microstructural	 features	 approach	
characteristic	 microstructural	 length‐scale	 (Greer	 and	 Hosson,	 2011).	 All	 of	 these	
observations	 have	 a	 common	message:	 smaller	 is	 stronger.	 In	 a	 broad	 sense,	 the	 size‐
dependent	behaviors	of	micro	and	nano‐scaled	structures	are	associated	with	the	high	
surface	 (or	 interface)	 area	 to	 volume	 ratio.	 This	 is	 in‐turn	 based	 on	 the	 idea	 that	 the	
atomic	 interactions	 at	 boundaries	 tend	 to	 be	 different	 from	 those	 in	 the	 bulk	 of	 a	
material.		
Rapid	 increase	 in	 computational	 power	 in	 the	 recent	 decades	 has	 enabled	
performing	 computational	 simulations	 that	 supplement,	 or	 at	 times	 enable,	




Atomistic	 provide	 a	 virtual	 experimental	 paradigm	 to	 capture	 the	 prevailing	
mechanisms	at	very	high	spatio‐temporal	resolution,	but	may	become	computationally	








dependent	 behaviors.	We	are	 interested	 in	 some	 of	 the	 size‐effects	 that	prevail	 in	 the	
mechanical	behavior	of	crystalline	metals.	A	particular	category	of	size‐effects	covered	
in	 this	 thesis	 pertains	 to	 crystalline	 plasticity	 that	 arises	 from	 interacting	 effects	
between	dislocations	and	their	ambience.	For	example,	dislocations	get	stopped	by	hard	
boundaries	and	get	annihilated	by	free	surfaces.	In	another	scenario,	dislocations	talk	to	






1.2 Length-scale Effects in Crystalline Microstructures  








1.2.1 Plastic Deformation at Different Length-scales 
In	 crystalline	materials,	 the	 unit	 processes	 that	 are	 deemed	 relevant	 to	 describe	
plasticity	 must	 be	 identified	 based	 on	 the	 length	 and	 time‐scales	 of	 interest.	 From	 a	
thermodynamic	viewpoint,	movement	of	the	dislocations	during	plastic	deformation	 is	
mediated	by	crystal	 lattice	resistance.	This	crystal	 lattice	resistance	can	or	needs	to	be	
defined	 at	 different	 scales.	 At	 the	 finest	 length‐scale	 (atomistic),	 it	 is	 an	 inherently	










the	 total	 ground‐level	 energy	 and	 properties	 of	 a	 system	 of	 interacting	 electrons	 in	






where	 the	 information	 from	 the	 atomic	 scale	 that	 is	 coarse‐grained	 is	 the	 interatomic	
interaction.	Molecular	dynamics	(MD)	is	a	powerful	tool	to	computationally	simulate	the	
physical	motions	of	atoms	and	molecules	under	external	stimuli.	In	MD	simulations,	the	
Newton’s	 equations	 of	 motion	 for	 a	 system	 of	 interacting	 particles	 are	 numerically	
solved	where	intermolecular	interactions	are	described	by	a	potential	function	provided	
by	 the	atomic	 scale.	A	 reasonably	 large	ensemble	of	 atoms	 is	modeled,	 and	 the	elastic	
and	plastic	properties	emerge	naturally	through	interatomic	interactions.	At	this	scale,	
the	 unit	 process	 that	 describes	 plastic	 deformation	 is	 the	 nucleation	 and	mobility	 of	
individual	 dislocations	 within	 a	 crystalline	 lattice.	 Given	 the	 inherent	 dynamics	 of	
atomic	motions,	 typical	MD	calculations	need	high	 temporal	 resolution	 in	 the	order	of	
femto	 to	 pico	 seconds.	 The	 interactive	 long‐	 and	 short‐range	 interactions	 between	
dislocations	 are	naturally	 resolved	at	 this	 scale	 and	provide	 the	 essential	 physics	 that	
can	 be	 rationalized	 as	 constitutive	 descriptions	 at	 coarser	 scales.	 Nanoscopic	 lattice	
resistance	is	referred	to	as	the	Peierls	stress.	It	depends	strongly	on	the	strain	rate	and	
can	be	thermally	activated;	hence,	it	is	referred	to	as	the	thermal	lattice	resistance.		
Microscopic	 scale	 –	 At	 this	 length‐scale,	 the	 atomistic	 resolution	 is	 smeared	 out	
rendering	an	elastic	continuum,	but	the	discreteness	of	dislocations	is	retained.	They	are	
modeled	 as	 line	 singularities	 within	 an	 elastic	 continuum	 and	 their	 evolution	 is	
described	through	a	set	of	constitutive	rules	that	are	formulated	based	on	the	subscale	
observations.	The	crystal	lattice	information	is	retained	in	the	form	of	anisotropic	elastic	
stiffness	 tensor	 and	 slip	 systems	 on	 which	 dislocations	 glide.	 The	 corresponding	
mathematical	 construct	 and	 numerical	 implementation	 is	 commonly	 referred	 to	 as	
Discrete	Dislocation	Dynamics	 (DDD),	 if	 inertial	 terms	 are	 retained	 (Cazacu	 and	 Fivel,	
2010).	Internal	stresses	around	individual	dislocations	are	accounted	for	at	this	length‐
scale	 and	 are	 inherently	 non‐local,	 rendering	 a	 length‐scale	 dependent	 pseudo‐
continuum	 framework.	 While	 DDD	 (and	 its	 static	 counterpart	 ignoring	 inertia)	 can	
6	
	
model	 relatively	 bigger	 computational	 domains	 compared	 to	MD	while	 accounting	 for	
short‐	 and	 long‐range	 dislocation	 interactions,	 the	 physical	 dimensions	 are	 still	
restrictive	 to	 a	 few	 microns	 making	 it	 somewhat	 difficult	 to	 apply	 to	 larger	 scale	
calculations	that	span	several	݉݉	to	݉.		
Mesoscopic	 scale	 –	 At	 this	 scale,	 the	 physical	 properties	 of	 a	 material	 are	
represented	 as	 continuous	 variables	 (continuum).	 As	 in	 the	 microscopic	 scale,	 the	
directional	 elasticity	 at	 the	 crystal	 lattice	 level	 is	 incorporated	 through	 anisotropic	
elasticity.	 However,	 instead	 of	 tracking	 plastic	 activity	 through	 motion	 of	 discrete	
dislocations,	 equivalent	 constitutive	 laws	 for	 plastic	 slip	 on	 individual	 slip	 planes	 are	
written	 in	 terms	 of	 dislocation	 densities	 on	 those	 slip	 planes	 (Asaro,	 1983;	Ma	 et	 al.,	
2005).	 In	 its	 conventional	 form,	 length‐scale	 effects	 (Burger’s	 vector	 information)	 in	
crystal	 plasticity	 are	 lost	 due	 to	 homogenization	 from	 discrete	 dislocations	 to	
dislocation	density.	However,	some	of	these	effects	can	be	incorporated	by	appealing	to	
non‐local	 field	 theories	 (Evers	et	al.,	2004;	Gurtin,	2002;	Han	et	al.,	2005a).	This	scale	
can	be	considered	as	a	bridge	between	the	microscopic	and	macroscopic	scale	where	the	
mechanics	 at	 finer	 length‐scales	 is	 accounted	 for	 using	 appropriate	 constitutive	
relations.		
Mesoscopic	(and	microscopic)	internal	stresses	are	usually	referred	to	as	athermal	





the	 elastic	 and	 plastic	 behaviors	 are	 described	 by	 deterministic	 constitutive	 laws	
resulting	 from	 averaging	 the	 micro‐structural	 information	 (e.g.	 dislocation	 cell	
structures	 and	 dislocation	 spacing)	 at	 finer	 scales	 over	 a	 representative	 volume	 that	










Figure	  1.1.	 Plastic	 deformation	 and	 appropriate	 unit	 processes	 for	 modeling	 at	 different	
scales	
At	 small	 length‐scales,	 dislocation	 mechanisms	 are	 enriched	 by	 the	 presence	 of	
boundaries.	 For	 example,	 short‐range	 interactions	 such	 as	 dislocation	 nucleation,	
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annihilation,	 and	 multiplication	 mechanisms	 and	 long‐range	 interaction	 elastic	
interaction	between	dislocations	may	be	influenced	by	interfaces	such	as	grain	or	twin	
boundaries,	 and/or	 free	 surfaces.	 Therefore,	 additional	 interactions	 between	
dislocations	 and	 boundaries	 should	 be	 taken	 into	 account	 for	 nano/micro‐scale	
structures	where	high	surface	(or	 interface)	area	to	volume	ratio	 is	common.	In	single	
crystals	 under	 uniform	 loading	 conditions,	 length‐scale	 dependent	 yield	 and	 flow	
strengths	 are	 observed	 with	 decreasing	 specimen	 dimensions	 and	 the	 underlying	
mechanisms	 are	 associated	 with	 dislocation	 activities	 that	 are	 modulated	 by	 free	




At	 continuum	 scales,	 dislocation	 induced	plasticity	may	 be	 broadly	 classified	 into	
two	groups	based	on	the	way	they	accumulate	in	during	plastic	deformation.	Statistically	
stored	 dislocations	 (SSD)	 accumulate	 by	 statistical	 trapping	 of	 the	 dislocations	 to	
accommodate	 plastic	 slip	 (Ashby,	 1970).	 At	 an	 atomistic	 scale,	 individual	 dislocations	
produce	internal	stresses	 in	their	vicinity,	but	at	 larger	scales	(meso	and	above),	 these	
are	 canceled	 in	 the	 process	 of	 averaging	 out,	 since	 SSDs	 by	 definition	 are	 randomly	
distributed.	Another	type	of	dislocations	arises	from	the	necessity	to	accommodate	local	
lattice	curvatures	that	arise	due	to	non‐uniform	plastic	deformation	(Nye,	1953;	Ashby,	
1970).	 Ashby	 (1970)	 referred	 to	 these	 as	 the	 Geometrically	 Necessary	 Dislocations	
(GNDs).	GNDs	act	as	additional	obstacles	to	the	motion	of	SSDs,	but	themselves		do	not	
contribute	 to	 plastic	 strain	 (Gao	 and	 Huang,	 2003).	 Incorporating	 GNDs	 within	
continuum	frameworks	endow	them	with	an	ability	to	predict	a	length‐scale	dependent	

















is	modeling	 the	plastic	 deformation	 in	 crystalline	materials	 accounting	 for	 the	 length‐
scale	effects	that	persist	at	the	mesoscopic	scale.	While	these	effects	are	mainly	ascribed	
to	 the	 presence	 of	 GNDs	 that	 are	 in‐turn	 related	 to	 strain	 gradients,	 some	dislocation	
mechanisms	produce	size‐effects	even	in	the	absence	of	strain	gradients	and	are	briefly	
mentioned	 later	 in	 this	 chapter,	 for	 clarity.	 Each	 of	 these	 may	 possess	 an	 associated	
length‐scale	that	must	be	compared	with	the	length‐scales	of	interest.	Many	a	times,	the	
length‐scale	 are	 problem‐dependent	 and	 may	 be	 determined	 by	 structure	 geometry,	
deformation	profile,	material	microstructure,	physical	properties	of	boundaries	and	so	
on	(Voyiadjis	and	Al‐Rub,	2005).		
1.2.2  A Brief Overview of Experimental Observations of Length-














Figure	  1.3.	 Schematic	 of	 geometrically	 necessary	 dislocations	 (GNDs)	 pile	 up	 at	 grain	
boundary	in	order	to	accommodate	compatible	plastic	deformation.	
In	 all	 the	 above‐mentioned	 and	 similar	 scenarios,	 the	 length‐scale	 effects	 are	
attributed	 to	 the	 presence	 of	 GNDs	 that	 accumulate	 in	 addition	 to	 SSDs	 in	 order	 to	
compensate	incompatibilities	in	the	plastic	deformation	(Figs.	 1.3	and	Figure	 1.4)	arising	
due	 to	 relevant	 reasons	 (e.g.	 elasto‐plastic	 and	 thermal	 expansion	mismatch	 between	
the	 inclusion	 and	metal	matrix	 in	MMCs	 or	 incompatible	 plastic	 deformation,	 (Ashby,	
1970;	Fleck	et	al.,	1994).	
























dominant	mechanism	 in	 these	cases	due	 to	 the	absence	of	 lattice	curvatures.	This	 is	 a	
relatively	nascent	area	of	research	and	several	postulates	have	been	recently	advocated.	
These	include	the	dislocation	starvation	model	(Dehm,	2009;	Greer	and	Nix,	2006;	Nix	et	
al.,	 2007)	which	 suggests	 that	 in	 a	 smaller	 specimen,	dislocations	 readily	 escape	 from	
the	 free	 surfaces	 (aided	 by	 image	 stresses)	 in	 comparison	 to	 the	 rate	 of	 dislocation	
nucleation	 and	multiplication,	 or	 the	 source‐limited	dislocation	plasticity	 (Dehm,	 2009;	
Uchic	et	al.,	2009),	which	suggests	that	fewer	dislocation	sources	in	the	case	of	smaller	
specimens	compared	to	larger	specimens	is	also	likely	to	produce	a	similar	size‐effect.	In	
general,	 many	 of	 the	 aforementioned	 mechanisms	 may	 operate	 in	 tandem	 and	
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1.2.3  Continuum descriptions of Dislocation-mediated Crystal 
Plasticity  
1.2.3.1 Classical crystal plasticity 
Classical	 continuum	 plasticity	 theories	 are	 generally	 based	 on	 macroscopic	
behaviors	 of	 materials	 in	 plastic	 region	 where	 materials	 are	 considered	 as	 a	
homogenized	continuum	body.	The	anisotropic	plastic	behavior	of	crystalline	materials	
was	 pioneered	 by	 works	 of	 Taylor	 and	 coworkers	 (Taylor,	 1934;	 Taylor	 and	 Elam,	
1923),	 and	Schmid,	 (1924)	who	proposed	 the	movement	of	 the	dislocations	 in	 crystal	
lattice	as	 a	major	 source	of	plastic	deformation.	Based	on	 these	observations,	Hill	 and	
Rice	(1972)	and	Asaro	and	Rice	(1977)	developed	a	robust	framework	for	single	crystal	
plasticity.	A	comprehensive	review	of	single	crystal	plasticity	has	been	given	by	Asaro	




of	 the	 hardening	 processes	 (Bassani	 and	 Wu,	 1991;	 Peirce	 et	 al.,	 1983).	 The	 Taylor	
hardening	model	 typically	 serves	 as	 a	 standard	 expression	 to	 describe	 the	 hardening	









hardening	 components	 that	 account	 for	 both,	 self	 and	 latent	 hardening	 and	 ߩఉ	 is	 a	
continuum	 field	 variable	 describing	 the	 SSD	 density	 on	 ߚ௧௛	slip	 system.	 These	
coefficients	 implicitly	 accounted	 for	 macroscopic	 isotropic	 hardening	 behavior	 arises	
from	 short	 range	 dislocation	 interaction	 mechanisms	 in	 nanoscopic	 scale	 such	 as	
multiplication,	annihilation,	jog	and	dipole	formation	and	cross	slip.		
In	 generalized	 dislocation	 based	 crystal	 plasticity	 individual	 dislocation	
mechanisms	and	their	evolution	laws	incorporated	into	continuum	framework	in	terms	
of	 continuum	 microstructural	 field	 variables	 (Prinz	 and	 Argon,	 1984;	 Roters	 et	 al.,	
2000).	 Roters	 et.	 al.	 (2000)	 have	 proposed	 a	 dislocation	 based	 crystal	 plasticity	 for	
polycrystalline	 materials,	 which	 is	 mainly	 concern	 about	 SSD	 density	 while	 GND	
contributions	 are	 neglected.	 In	 their	 approach,	 plastic	 deformation	 is	 introduced	 in	
terms	of	three	internal	state	variables	as	mobile	and	immobile	dislocation	density	in	the	
cell	interiors	and	immobile	dislocation	density	in	the	cell	walls	and	their	evolution	laws.	
The	 kinematic	 hardening	 in	 macroscopic	 continuum	 scale	 is	 addressed	 by	
Armstrong	and	Fredrick	(1966;	2007)	in	terms	of	back	stress	tensor.	Later,	it	has	been	
extended	 into	 conventional	 crystal	 plasticity	 framework	 (Cailletaud,	 1992).	 The	
evolution	law	for	back	stress	tensor	in	crystal	plasticity	framework	is	sometimes	written	
as	(Voyiadjis	and	Huang,	1996;	Xu	and	Jiang,	2004)	
ݔሶ௕ఈ ൌ ܿߛሶ ఈ െ ݀|ߛሶ ఈ|ݔ௕ఈ	 ( 1.2)	
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where	 ߛሶ ఈ	 is	 the	 plastic	 slip	 rate	 on	 ߙ௧௛	slip	 system,	 and	 ܿ	 and	 ݀	 are	 coefficients	
obtained	from	experiments.	In	microscopic	scale,	the	back	stress	arises	from	long	range	
elastic	interaction	between	dislocations	in	cell	structure	and	are	responsible	for	classical	
Bauschinger	effects	 (Mughrabi,	 1983).	 In	 conventional	 crystalline	materials	with	 large	
grain	sizes,	the	cell	structure	and	average	dislocation	spacing	are	nearly	independent	of	
the	 specimen	 sizes	 and	 consequently	 internal	 stress	 is	 only	 function	 of	 plastic	 strain.	
However,	 as	 microstructural	 or	 specimen	 dimensions	 decrease,	 the	 dislocation	
arrangements	and	their	interactions	may	be	significantly	affected.		
1.2.3.2 Continuum crystal plasticity with GNDs 
With	increasing	quest	toward	strong	and	ductile	materials	at	low	overall	weight	for	
large‐scale	 structures	 on	 the	 one	 hand	 and	 the	 rapid	 development	 of	 miniaturized	
structures	 small	 scale	 devices	 on	 the	 other,	 predictive	 modeling	 of	 length‐scale	
dependent	material	 behavior	 has	 assumed	 a	 central	 role	 to	 analyze	 and	 design	 novel	
materials	 and	 structures.	 However,	 a	 robust	 understanding	 of	 length‐scale	 dependent	
mechanisms	is	a	challenging	problem.	Although,	classical	(i.e.	length‐scale	independent)	
crystal	plasticity	theories	capture	the	behaviors	of	bulk	crystalline	materials	with	good	




Alongside	 the	 SSD	 interactions,	 the	 GND‐SSD	 and	 GND‐boundary	 interactions	
become	 important	at	 small	 length‐scales.	Nix	and	Gao	(1998)	proposed	 that	 the	GNDs	
act	 as	 the	 obstacles	 for	movement	 of	 other	 dislocations	 and	 provide	 additional	 short‐
range	 interaction	with	 other	 dislocations.	 Since	 the	nature	of	 these	 interactions	 is	 the	
same	 for	both	SSDs	and	GNDs,	 they	reformulated	 the	Taylor	hardening	model	with	an	
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(2000)	applied	 the	same	concept	by	 introducing	a	hardening	modulus	as	a	 function	of	
both,	strain	and	strain	gradient	to	account	for	both	SSDs	and	GNDs	interactions.	Since,	
these	 theories	 do	 not	 include	 higher‐order	 stresses	 and	 boundary	 conditions,	 the	
generally	referred	to	as	the	lower‐order	gradient	theories.	These	theories	have	capability	
to	capture	size	dependent	flow	stress	at	moderate	strain	where	flow	stress	is	dominated	
by	 short	 range	 interaction	 of	 dislocations	 (Acharya,	 2003;	 Schwarz	 et	 al.,	 2008).	
However,	 they	 fail	 to	predict	 size‐dependent	yield	strength	at	 initial	 stage	of	plasticity	
because	they	ignore	the	long‐range	elastic	interaction	effects.		
This	 latter	aspect	 that	 is	related	to	small	strains	can	be	modeled	by	 incorporating	
the	internal	stresses	that	arise	due	to	the	GNDs	(Evans	and	Hutchinson,	2009;	Fleck	and	
Hutchinson,	1997).	Unlike	the	SSD	density,	an	average	GND	density	over	a	mesoscopic	
volume	 result	 in	 net	 internal	 residual	 stresses	 through	 long‐range	 elastic	 interactions	
between	 the	 GNDs.	 Kröner	 (1967)	 incorporated	 the	 long‐range	 interaction	 of	
dislocations	 into	 continuum	 mechanics	 through	 the	 nonlocal	 constitutive	 equations	
using	 integral	 formulation.	 Later	Aifantis	 (1984;	 1987)	 accounted	 for	 this	 effect	 using	
constitutive	equations	 that	 include	plastic	strain	gradient	 terms.	Fleck	and	Hutchinson	
(2001;	 1993)	 proposed	 higher‐order	 phenomenological	 strain	 gradient	 plasticity	
theories	using	reformulation	of	the	yield	function	that	included	gradient	terms	and	that	
introduce	 additional	 boundary	 conditions.	 Gurtin	 and	 coworkers	 (Anand	 et	 al.,	 2005;	
Gurtin,	 2002,	 2010;	 Gurtin	 and	 Anand,	 2005)	 generalized	 this	 theory	 using	
thermodynamic	framework	by	proposing	an	additional	defect	energy	due	to	defects	like	
dislocations.	This	additional	energy	is	work‐conjugate	to	the	higher‐order	stresses	that	
are	 related	 to	 the	 second	 gradients	 of	 plastic	 strain,	 requiring	 higher‐order	 boundary	
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conditions.	 With	 the	 same	 concept,	 different	 approaches	 have	 been	 advocated	 to	
develop	 nonlocal	 theories	 (Abu	 Al‐Rub	 et	 al.,	 2007;	 Anand	 et	 al.,	 2005;	 Gudmundson,	
2004;	 Polizzotto,	 2009;	 Voyiadjis	 and	Deliktas,	 2009).	 In	 all	 of	 these	 theories,	 length‐




stress	 and	 boundary	 conditions	 need	 to	 be	 interpreted	 in	 terms	 of	 micro	 structural	
information.	Recently,	the	long‐range	elastic	interaction	of	GNDs	at	mesoscopic	scale	is	
modeled	 into	 continuum	 plasticity	 using	 dislocation	 theory	 of	 infinite	medium	where	




Summarizing,	 there	 are	 two	 main	 groups	 of	 strain	 gradient	 theories	 mostly	
accounting	for	short‐	and	long‐range	interactions	between	dislocations:	the	lower‐order	
and	 higher‐order	 strain	 gradient	 theories.	 It	 has	 been	 shown	 that	 the	 short‐range	
interaction	 is	a	major	source	of	 size	dependency	at	moderate	strain	where	dislocation	




may	 not	 be	 always	 easy	 to	 identify	 appropriate	 descriptions	 for	 general	 interfaces	




1.3 Scope and Objectives of the Thesis  
In	 this	 dissertation,	 we	 investigate	 the	 length‐scale	 dependent	 behaviors	 of	
microstructures	 due	 to	 the	 presence	 and	 non‐homogeneous	 distribution	 of	 the	 GNDs.	
The	 formulation	 focuses	 on	 face‐centered‐cubic	 (FCC)	 materials	 and	 their	 size	
dependent	behaviors	under	non‐uniform	plastic	deformation.	A	broad	objective	here	is	
to	 physically	 incorporate	 the	 GND	 related	 mechanisms	 into	 a	 continuum	 framework	
through	the	concept	of	kinematic	incompatibility	of	the	underlying	lattice.		
In	Chapter	2,	we	 focus	our	attention	on	 the	 length‐scale	dependent	behavior	 that	
arise	 from	 short‐range	 interactions	 between	 the	 SSD	 and	 GND	 densities,	 which	




based	 strain	 gradient	 crystal	 plasticity	 is	 implemented	 within	 ABAQUS®	 via	 user‐
material	 subroutine	 (UMAT).	 First,	we	 investigate	 the	 gradient‐induced	 size‐effects	 in	
single	crystals	with	embedded	inclusions	under	thermo‐mechanical	loading.	The	role	of	
internal	 stresses	 due	 to	 prior	 thermal	 loading	 is	 probed	 as	 a	 function	 of	 crystal	
orientation,	and	 inclusion	shape	and	size.	 	Then,	we	focus	our	attention	on	the	 length‐
scale	 dependent	 interaction	 effects	 in	 polycrystalline	 MMC	 due	 to	 the	 grain	 size	 and	
inclusion	sizes.	We	propose	a	simple	analytical	model	for	this	interaction	effect.		
Chapter	3	presents	concerns	the	role	of	GNDs	in	producing	long‐range	interactions	
that	 manifest	 as	 internal	 stresses.	 We	 develop	 a	 nonlocal	 crystal	 plasticity	 theory	





thermodynamic	 framework	 these	 internal	 stresses	 are	 incorporated	 into	 continuum	
crystal	 plasticity	 as	 an	 additional	 irreversible	 stored	 energy	 (defect	 energy).	 The	
internal	stresses	appear	as	additional	resolved	shear	stress	in	the	crystallographic	visco‐
plastic	 constitutive	 law	 for	 individual	 slip	 systems.	 Using	 this	 formulation,	 we	
investigate	 boundary	 value	 problems	 involving	 isotropic	 single	 crystals	 subjected	 to	
monotonic	 and	 cyclic	 loading.	 The	 resulting	 length‐scale	 dependent	 isotropic	 and	
kinematic	hardening	behaviors	are	investigated	in	terms	of	short‐range	and	long‐range	
GND	 interactions.	 Finally,	 we	 close	 the	 chapter	 by	 discussing	 the	 extension	 of	 this	
approach	to	crystalline	materials	with	elastic	anisotropy.	
In	 the	 theory	 presented	 in	 Chapter	 3	 ignores	 the	 long‐range	 elastic	 interactions	
between	 the	 GND	 density	 and	 boundaries,	 the	 so‐called	 image	 stresses.	 These	 image	
stresses	 may	 have	 significant	 effects	 in	 miniaturized	 specimens	 and	 are	 therefore	
important.	 In	 Chapter	 4,	 this	 additional	 long‐range	 interaction	 is	 incorporated	 by	
augmenting	 the	 formulation	 in	 Chapter	 3	 with	 another	 kernel	 (Green)	 function	 that	
accounts	 for	 traction‐free	 surfaces.	 The	 resulting	 additional	 internal	 stresses	 are	
introduced	in	terms	of	GND	density‐surface	elastic	interaction.	While	the	basic	approach	
is	general,	we	choose	 thin	 film	under	pure	bending	as	a	model	problem	 to	 investigate	
the	 length‐scale	dependent	behavior.	 	We	 show	 that	 these	 additional	 internal	 stresses	
produce	 a	 length‐scale	 dependent	 macroscopic	 response	 even	 in	 the	 case	 of	 such	 a	
system	 that	 comprises	 a	 nominally	 uniform	distribution	 of	 GND	 density.	We	 compare	






2 A Mechanism-Based Gradient Crystal 
Plasticity Investigation of Metal Matrix 
Composites  
2.1 Introduction 
The	advent	of	nanostructuring	 techniques	has	 led	 to	an	unprecedented	growth	 in	
the	 area	 of	 synthesizing	 metal	 matrix	 composites	 (MMC)	 with	 exceedingly	 superior	
strengths.	It	is	possible	to	significantly	enhance	the	strength	of	MMCs	over	that	achieved	
by	conventional	strengthening	from	load	transfer,	by	synthesizing	microstructures	with	
nanocrystalline	 matrices,	 incorporating	 small	 sized	 reinforcing	 inclusions,	 or	 a	
combination	of	both	(Lloyd,	1994;	Nan	and	Clarke,	1996;	Sekine	and	Chent,	1995).	Grain	
boundaries	(gb’s)	create	strong	barriers	to	dislocations	providing	higher	baseline	matrix	
strength	 that	 can	be	 further	 improved	by	 the	addition	of	 reinforcing	 inclusions	MMCs	
through	 a	 load‐transfer	mechanism.	Thus,	 one	may	 rely	 on	 synthesizing	high‐strength	
MMCs	 solely	 by	 using	 nanocrystalline	 matrices.	 Alternatively,	 the	 length‐scale	
dependent	 strengthening	 from	 micron	 or	 sub‐micron	 sized	 inclusions	 attributed	 to	
interaction	 of	 the	 geometrically	 necessary	 dislocations	 (GNDs)	 with	 matrix‐inclusion	
interfaces	may	also	provide	another	path	to	strength	enhancement.	However,	both	the	
strengthening	strategies	have	to	deal	with	one	common	caveat	–	the	enhancement	in	the	
strength	 usually	 comes	 at	 the	 cost	 of	 precipitous	 reduction	 in	 the	 ductility.	 The	 latter	
alternative	 might	 be	 attractive,	 because	 it	 allows	 using	 smaller	 inclusion	 volume	
fractions	(v.f.)	that	may	help	mitigate	the	strength‐ductility	dichotomy	to	some	extent.		
Recent	 experimental	 and	 analytical	 efforts	 have	 aimed	 at	 understanding	 the	 size‐
effects	in	MMCs	(e.g.	(Balint,	2005;	Dai	et	al.,	1999;	Joshi	and	Ramesh,	2007;	Kiser	et	al.,	
1996;	 Lloyd,	 1994;	 Nan	 and	 Clarke,	 1996))and	 have	 led	 to	 the	 development	 of	 novel	
21	
	
composite	micro‐architectures	 (Habibi	 et	 al.,	 2010;	 Joshi	 and	Ramesh,	 2007;	 Ye	 et	 al.,	
2005).	 These	 investigations	 indicate	 that	 one	 has	 to	 judiciously	 choose	 appropriate	
values	 for	 the	 microstructural	 design	 degrees	 of	 freedom	 in	 imparting	 optimal	
functional	characteristics	to	an	MMC.	Analytical	and	computational	 investigations	have	
focused	 on	 implementing	 length‐scales	 in	 the	 conventional	 plasticity	 theory	 based	 on	
the	GND	argument	as	applied	to	MMCs	(e.g.	(Cleveringa	et	al.,	1997;	Joshi	and	Ramesh,	
2007;	Nan	and	Clarke,	1996;	Niordson,	2003b;	Xue	et	al.,	2002;	Zhou	et	al.,	2010).	From	
a	 mechanistic	 viewpoint	 there	 are	 several	 challenging	 aspects	 that	 need	 to	 be	





these	 mechanisms,	 a	 single	 mechanistic	 framework	 that	 is	 capable	 of	 resolving	 the	
microstructural	 details	 and	 concurrently	 also	 embeds	 appropriate	 physics	 for	 all	 the	
interfacial	mechanisms	is	difficult	to	conceive	at	the	moment.	A	comparatively	tractable	
setting	is	possible	if	one	chooses	to	simplify	and/	or	ignore	some	of	the	aspects.	Crystal	




strains	 where	 dislocation	 density	 is	 high	 (Acharya,	 2003;	 Schwarz	 et	 al.,	 2008).	 To	
account	 for	 these	 interactions	 within	 a	 continuum	 framework,	 we	 resort	 to	 the	
Mechanism‐based	 Slip	 Gradient	 Crystal	 Plasticity	 (MSG‐CP)	 developed	 by	 Han,	 et	 al.	
(2005a)	that	has	its	roots	in	the	pioneering	work	of	the	Nix	and	Gao	(1999;	1998).	The	
MSGCP	framework	accounts	for	length‐scale	effects	in	the	slip	system	constitutive	laws	
by	 including	 slip	 gradients	 on	 individual	 slip	 systems	 that	 are	 related	 to	 their	 GND	
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densities.	 Given	 that	 in	 the	 present	 work	 the	 grains	 and	 inclusions	 are	 explicitly	
resolved,	slip	gradients	naturally	arise	at	gb’s	and	i‐m	interfaces	due	their	elasto‐plastic	
and	 thermal	 mismatch.	 However,	 the	 MSGCP	 approach	 is	 a	 lower‐order	 theory	
compared	 to	 a	 higher‐order	 framework1,	 because	 it	 does	 not	 invoke	 additional	
boundary	 conditions	 (b.c.’s)	 at	 interfaces	 that	 are	 related	 to	 the	 gradient	 of	 the	 GND	
density,	 i.e.	 Laplacian	 of	 the	 plastic	 slip	 (Abu	 Al‐Rub,	 2009;	 Borg,	 2007;	 Geers	 et	 al.,	
2007;	Gurtin	et	al.,	2007;	Kuroda	and	Tvergaard,	2006;	Kuroda	and	Tvergaard,	2008a,	b;	
McDowell,	 2008;	 Voyiadjis	 and	 Deliktas,	 2009).	 Consequently,	 lower‐order	 CP	
approaches	 cannot	 model	 some	 of	 the	 enhanced	 interactions	 between	 interfaces	 and	
dislocations	 that	 higher‐order	 CP	 approaches	 are	 capable	 of	 handling.	 For	 example,	
(Borg,	 2007)	 introduced	 a	 higher‐order	 CP	 theory	 that	 includes	 a	 material	
parameter	ߢ	to	 tune	 the	 inter‐granular	 interaction	 at	 gb’s	with	 impinging	dislocations.	
Using	this,	he	investigated	the	role	of	grain	boundaries	on	the	macroscopic	behaviors	of	
simulated	 polycrystals	 and	 demonstrated	 that	0 ൏ ߢ ൏ 	∞	 determines	 the	 amount	 of	
strengthening	 at	 yield.	 Notably,	 the	 ߢ ൌ 0	 case	 (gb’s	 fully	 transparent	 to	 dislocations)	
degenerates	to	a	lower‐order	theory.	As	indicated	by	(Borg,	2007)	these	b.c.’s	together	
with	 the	 choice	 of	 interface	 material	 parameters	 may	 have	 a	 profound	 effect	 on	 the	
nature	 of	 polycrystalline	 strengthening	 and	 hardening	 predicted	 by	 these	 theories.	
Although	a	higher‐order	theory	would	be	suited	for	the	present	problem	(Fredriksson	et	
al.,	 2009),	 the	 difficulty	 with	 higher‐order	 b.c.’s	 is	 that	 it	 may	 not	 be	 always	 easy	 to	











in	 handling	 enhanced	 long‐range	 interactions	 between	 dislocations	 and	 interface	 the	
length‐scale	 effect	 appears	 only	 in	 the	 flow	 behavior	 rather	 than	 at	 yield	 (Evans	 and	
Hutchinson,	 2009).	 However,	 despite	 some	 of	 its	 limitations,	 we	 choose	 the	 MSGCP	
theory	keeping	in	view	its	simplicity	in	the	numerical	implementation	within	existing	CP	
framework,	 computational	 expense	 for	 the	 present	 work	 and	 a	 relatively	 established	
physical	understanding	of	the	length–scale	parameters.	
In	 the	 following	 section,	 we	 first	 give	 a	 brief	 outline	 of	 the	 computational	
implementation	 of	MSGCP	 (Han	 et	 al.,	 2005a)	 as	 user‐material	 subroutine	 (UMAT)	 in	
ABAQUS/	STANDARD®	finite	element	software.	Using	the	implemented	formulation,	we	
first	 investigate	 size‐effects	 in	 single	 crystal	MMCs	due	 to	 thermo‐mechanical	 loading.	
This	is	a	classic	source	of	GND	existence	that	arises	due	to	thermal	residual	stresses	that	
pre‐exist	 in	 an	MMC	microstructure	 due	 to	 the	mismatches	 in	 the	 thermal	 expansion	
coefficients	 (CTE)	 of	 the	 matrix	 and	 the	 inclusions	 together	 with	 elastic	 and	 plastic	
mismatches.	 The	 corresponding	 GND	 density	 is	 referred	 to	 here	 as	 the	 thermal	 GND	
density	to	distinguish	it	from	the	GND	density	that	arises	during	mechanical	loading.	We	
simulate	 the	 role	of	pre‐existing	 thermal	GND	density	 on	 the	 subsequent	macroscopic	
and	 microscopic	 behaviors	 under	 mechanical	 loading	 as	 a	 two‐step	 process.	 	 These	
thermo‐mechanical	simulations	essentially	restrict	their	attention	to	single	crystal	MMC	
in	a	bid	to	understand	the	local	microscopic	details	that	arise	around	the	inclusions	that	
are	 embedded	 within	 large	 grains.	 In	 section	 2.4,	 we	 take	 a	 step	 further	 and	 model	
polycrystalline	 MMCs	 that	 include	 both,	 grain	 and	 inclusion	 size‐effects	 under	
mechanical	 loading.	The	objective	 is	 to	quantify	 the	nature	of	 the	 interaction	between	
these	two	microstructural	sizes	on	the	overall	response.	Through	these	polycrystalline	
simulations,	 we	 propose	 a	 simple	 analytical	 model	 that	 can	 be	 easily	 integrated	 into	
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homogenized	 continuum	 calculations	 such	 as	 the	 Mori‐Tanaka	 approach	 (Joshi	 and	
Ramesh,	2007).		
2.2 Computational Implementation of MSGCP Theory 
The	kinematics	and	kinetics	of	MSGCP	approach	implemented	in	this	work	closely	





Based	 on	 the	 multiplicative	 decomposition	 of	 deformation	 gradient	 proposed	 by	
Lee	(1966),	in	case	of	finite	deformation,	the	total	deformation	gradient	۴	is	
۴ ൌ ۴܍۴ܘ	 ( 2.1)	
where	۴܍	and	۴ܘ	represent	the	elastic	and	plastic	parts	of	the	deformation	gradient,	




ۺ ൌ ۲ ൅܅ ൌ ۺ܍ ൅ ۴܍ۺܘ۴܍ି૚	 ( 2.2)	
ۺ܍ ൌ ۲܍ ൅܅܍ ൌ ۴ሶ ܍. ۴܍ି૚	




where	۲	and	܅	are	 the	 rate	of	 deformation	and	 spin	 tensors,	 respectively.	The	 super	
scripts	e	and	p	signify	the	elastic	and	plastic	parts,	respectively.	We	assume	that	a	single	
crystal	 deforms	 plastically	 solely	 by	 crystalline	 slip	 and	 the	 elastic	 behavior	 of	 the	
crystal	 is	constant	during	plastic	deformation.	The	 lattice	orientation	 is	affected	solely	
by	elastic	part	of	the	total	deformation	gradient.	
The	 elastic	 constitutive	 equation	 for	 a	 single	 crystal	 proposed	 by	 Hill	 and	 Rice	
(1972)	is	adopted	in	this	code.	The	constitutive	law	for	plastic	slip	rate	ߛሶ ఈ	is	assumed	as		




. ݏ݅݃݊ሺ߬ఈሻ	 ( 2.4)	











݄ఈఈሺߛሻ ൌ ݄଴ఈݏ݄݁ܿଶ ቚ ௛బఊఛೞഀିఛబഀቚ	(no	sum	on ߙ)	
݄ఈఉሺߛሻ ൌ ݍ݄ఈఈሺߛሻ,																		ߙ ് ߚ	
( 2.6)	
In	 Eq.	 (2.6),	 ݄଴ఈ	 is	 initial	 hardening	 modulus,	 ߬௦ఈ	 is	 the	 saturation	 value	 for	 the	
resolved	 shear	 stress,	 ߬଴ఈ	 is	 the	 critical	 resolved	 shear	 stress,	 ߛ ൌ ∑ ߛఈఈ 	 is	 the	 total	
cumulative	 shear	 strain	on	all	 slip	 systems	and	ݍ	 (~	1‐2)	 accounts	 for	 the	 interaction	
between	different	slip	systems.	In	the	MSGCP	approach,	the	GND	density	ߩ௚ఈ	on	ߙ௧௛	slip	






൅ ݈ߟ௚ఈ	 ( 2.7)	
where	 the	 internal	material	 length‐scale	 ݈ ൌ ሺܽଶߤଶ ܾ ߬଴ఈଶሻൗ ,	with	ܾ	as	 the	magnitude	of	
Burgers	vector,	ߤ	as	the	overall	shear	modulus	and	ܽ	as	an	empirical	material	constant	
ranging	 between	 0.1‐0.5.	 In	 Eq.	 ( 2.7),	 ߟ௚ఈ	is	 an	 effective	 scalar	 measure	 of	 the	 GND	
density	tensor	on	the	slip	system	ߙ		
ߟ௚ఈ ൌ |ۯ ൈ ሺܛఈ ൈ ܕ஑ሻ|	 ( 2.8)	
where	ܛఈ	and	ܕఈ	are	respectively,	 the	slip	direction	and	slip‐plane	normal	 for	ߙ௧௛	slip	
system.	 The	 effect	 of	 slip	 gradient	 is	 related	 to	 the	 GND	 density	 in	 each	 slip	 system	
via	ߩீே஽ఈ ൌ ߟ௚ఈ ܾ⁄ .		
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reduced	 integration	 procedure	 in	 order	 to	minimize	 the	 effects	 due	 to	 shear	 locking.	
Therefore,	for	each	FE	all	the	state	variables	(i.e.	individual	and	total	slip,	slip	gradients,	
etc.)	 and	 stresses	 are	 calculated	 at	 these	 GP’s.	 To	 calculate	 the	 plastic	 slip	 gradients	
within	an	FE,	we	apply	the	approach	similar	to	the	one	is	used	in	calculating	strains	from	
displacements	in	a	conventional	FE	formulation	(Reddy,	2006).	Within	a	FE,	we	consider	
a	 4‐node	 pseudo‐element	 (Figure	  2.2)	 constructed	 by	 joining	 the	 GP’s	 describable	 by	



























































2.2.2 Time integration scheme 
















∆ߛఈ െ ∆ݐሺ1 െ ߠሻߛሶ ఈሺݐሻ െ ∆ݐߠߛሶ ఈሺݐ ൅ ∆ݐሻ ൌ 0	 ( 2.13)	
Then,	the	plastic	slip	rate	is	computed	as		




. ݏ݅݃݊ሺ߬ఈ ൅ ∆߬ఈሻ	 ( 2.14)	
Here,	 the	values	of	 stress	and	solution	dependent	 state	variables	are	evaluated	at	
the	 end	 of	 each	 time	 increment	 and	 this	 allows	 using	 larger	 time	 increment.	 Further	
details	 on	 the	 basic	 implementation	 of	 the	 user	 subroutine	 UMAT	 and	 incremental	
formulations	can	be	found	in	the	report	by	Huang	(1991).	
2.3 Length-scale dependent MMC response induced by 
thermal residual stresses  
Synthesis	 of	metal	matrix	 composites	 (MMCs)	 typically	 involve	moderate	 to	 high	
temperature	processing	 followed	by	cooling	down	to	room	temperature.	Such	 thermal	
processes	 cause	 the	 internal	 residual	 stresses	 in	 MMCs	 due	 to	 high	 CTE	 and	 elastic	
mismatches	 between	 the	 matrix	 and	 inclusion.	 It	 is	 well‐established	 that	 for	
conventional	 coarse‐grained	MMCs,	 the	 inclusion	 and	matrix	 properties	 together	with	
the	 volume	 fraction	 (v.f.),	 shape	 and	 arrangement	 of	 inclusions	 govern	 the	 overall	




the	 effects	 of	 thermal	 residual	 stress	 on	 the	 overall	 strengthening	 and	 hardening	
behavior	of	MMCs	under	monotonic	tensile	and	compressive	loading.	They	explained	the	
tension‐compression	 asymmetry	 through	 an	 analytical	 model	 based	 on	 Eshelby’s	
equivalent	inclusion	approach.	The	strengthening	and	high	hardening	behavior	of	MMC	




MMC	increased	with	decreasing	 inclusion	sizes	(in	the	range	of	 few	microns).	 In	other	
words,	 the	 MMC	 response	 becomes	 length‐scale	 dependent‐	 an	 effect	 that	 has	 been	
explained	in	terms	of	GNDs	(Ashby,	1970;	Nye,	1953).	These	are	additional	dislocations	
that	 arise	 due	 to	 the	 thermo‐elastic	 mismatch	 between	 the	 inclusion	 and	 the	 matrix	
(Arsenault	and	Shi,	1986;	Barlow	and	Hansen,	1995;	Dai	et	al.,	1999;	Dai	et	al.,	2001a;	
Dunand	 and	 Mortensen,	 1990,	 1991;	 Joshi	 and	 Ramesh,	 2007).	 Several	 experimental	
observations	indicate	high	dislocation	density	at	reinforcement‐matrix	interface	due	to	
thermo‐elastic	 mismatch	 between	 reinforcement	 material	 and	 matrix	 (Arsenault	 and	
Shi,	1986;	Barlow	and	Hansen,	1995;	Dunand	and	Mortensen,	1991).		
A	length‐scale	dependent	metal	plasticity	framework	becomes	necessary	in	order	to	
correctly	 predict	 size‐effects	 in	 MMCs,	 including	 failure	 (Dai	 et	 al.,	 1999;	 Dai	 et	 al.,	
2001a).	Recently,	such	a	length‐scale	dependent	behavior	has	been	accounted	for	within	
finite	 element	 (FE)	based	computational	works	by	 introducing	plastic	 strain	gradients	
within	 the	 homogenized	 constitutive	 laws	 for	 continuum	 plasticity	 (Xue	 et	 al.,	 2002;	
Zhang	 et	 al.,	 2007;	 Zhou	 et	 al.,	 2011).	 Ohashi	 (2004)	 has	 explored	 the	 distribution	 of	
GND	density	around	cuboidal	and	spherical	 inclusion	embedded	 in	 the	FCC	crystalline	
matrix	under	uniaxial	loading	employing	dislocation	based	crystal	plasticity	framework.	
However,	 these	numerical	approaches	have	not	accounted	for	 the	effects	due	 to	 initial	
GND	 density	 due	 to	 thermal	 processing.	 It	 is	 imperative	 to	 accounting	 for	 the	 (size‐
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dependent)	 thermal	 residual	 stresses	 within	 these	 frameworks,	 because	 they	 have	
important	contributions	to	kinematic	hardening.	Analytical	models	have	been	proposed	
based	 on	 the	 idea	 of	 dislocation	 punching	 (Arsenault	 and	 Shi,	 1986;	 Dai	 et	 al.,	 1999;	
Dunand	 and	 Mortensen,	 1990,	 Taya	 et	 al.,	 1991;	 Qu	 et	 al.,	 2005)	 incorporated	 the	
contribution	 from	 the	 thermal GND	density	within	FE‐based	 strain	 gradient	plasticity,	
but	in	a	rather	simplistic	manner	as	an	additional	uniform	background	matrix	strength.	
In	 comparison,	 underscoring	 the	 fact	 that	 these	 thermal	 GNDs	may	 not	 be	 uniformly	
distributed	 in	 the	matrix	 (Arsenault	 and	 Shi,	 1986;	Mukherjee	 et	 al.,	 1995;	 Suh	 et	 al.,	
2009).	 Suh	 et	 al.,	 (2009) proposed	 an	 FE‐based	 discrete	 punched	 zone	 approach	 that	
includes	an	additional	region	surrounding	an	 inclusion	whose	strength	 is	enhanced	by	
the	 presence	 of	 thermal	 GNDs	 and	 investigated	 the	 length‐scale	 dependent	
strengthening	and	interfacial	failure	of	MMCs.	
Common	 to	 all	 the	 aforementioned	 modeling	 approaches	 is	 the	 assumption	 of	
homogenized	matrix	plasticity	in	that	they	ignore	specific	crystallographic	orientations,	
which	 are	 important	 in	 discerning	 the	 local	 deformation	 fields	 that	 affect	 global	
composite	 response	 (Schmitt	 et	 al.,	 1997;	 Barlow	 and	 Liu,	 1998).	 One	 may	 envisage	
scenarios	where	 crystallographic	 orientation	 effects	 are	 important	 in	 determining	 the	
inclusion‐induced	 size	 effects	 (Barlow	 and	Hansen,	 1995;	 Shu,	 2000).	 For	 example,	 in	
polycrystalline	MMCs	when	inclusions	are	much	smaller	than	the	surrounding	grains	the	
local	 crystallography	 would	 be	 expected	 to	 decide	 the	 GND	 distribution.	 Likewise,	 in	
highly	 textured	 MMC	 architectures	 the	 overall	 crystallographic	 orientation	 would	 be	
expected	 to	 produce	 strong	 plastic	 anisotropy,	 which	 may	 also	 influence	 the	 GND	
induced	 size	 effect.	 Single	 crystal	 plasticity	 based	 approaches	 are	 valuable	 in	 such	
scenarios.	 Some	works	 have	 been	 carried	 out	 to	 investigate	 the	 size‐dependent	MMC	
behaviors	using	crystal	plasticity	frameworks	(Cleveringa	et	al.,	1997;	Shu	and	Barlow	, 






architectures	 under	 thermal	 and	 mechanical	 loads.	 We	 first	 elucidate	 the	 role	 of	
crystallographic	orientation	on	 the	 inclusion	size	dependent	 thermal	GND	density.	We	
quantify	 the	 individual	 contributions	 therein	 from	 the	 thermal	 and	 elasto‐plastic	
constituent	 mismatches.	 Then,	 for	 a	 given	 crystal	 with	 embedded	 inclusion,	 this	
crystallography	 mediated	 non‐uniform	 thermal	 GND	 density	 is	 retained	 as	 a	 starting	
motif	 under	 subequent	mechanical	 loading,	which	 gets	 superposed	on	 the	mechanical	
GND	density.	The	simulations	not	only	resolve	the	 inclusion	size	and	shape‐dependent	
distribution	of	the	GND	density,	they	also	provide	useful	information	about	evolution	of	
their	 averaged	measures	 as	 a	 function	 of	 strain	 (Dai	 et	 al.,	 2001).	We	 also	model	 and	
discuss	 the	 size‐dependent	 dependent	 tension‐compression	 asymmetry	 under	
mechanical	 loading	produced	due	to	the	pre‐existing	thermal	GND	density.	Most	of	the	
results	 and	 discussions	 presented	 here	 pertain	 to	 single	 crystal	matrices,	 but	we	 also	
demonstrate	the	applicability	of	such	an	approach	to	polycrystal	MMC	architectures.	The	
details	of	the	slip‐gradient	crystal	plasticity	theory	can	be	found	in	Han	et	al.	(2005) and	
its	 computational	 implementation	 as	 a	 user‐material	 subroutine	 within	 ABAQUS/ 
STANDARD	as	discussed	in	previous	section.		
2.3.1 Computational results for single crystals with inclusions 
To	 enable	 consistent	 comparison	 of	 the	 size‐effect	 across	 different	 parametric	







as	 the	 angle	made	by	 the	 [100]	 crystal	direction	with	 the	 global	 loading	directionሺݔଵሻ	
and	[001]	crystal	direction	is	taken	to	coincide	with	the	global	ݔଷ	direction.	For	all	the	
cases,	 the	 left	 and	 bottom	 edges	 are	 constrained	 along	 the		ݔଵ	 and		ݔଶdirections,	
respectively;	 the	 top	 edge	 is	 allowed	 to	 move	 vertically,	 but	 constrained	 to	 remain	
straight	 during	 deformation.	 Table	 	 2.1	 gives	 the	 material	 properties	 used	 in	 the	
simulations,	 which	 are	 representative	 of	 pure	 Al	 (matrix)	 and	 SiC	 (inclusions).	 For	



















	 ܧ (GPa)	 ߥ	 ܾ	(nm)	 ݄଴ ሺܯܲܽሻ	 ߬଴ ሺܯܲܽሻ	 ߬௦ ሺܯܲܽሻ	 ߙሺ/ܭሻ 
Matrix	(m)	 70	 0.33	 0.25	 510	 60	 109	 23.6e‐06	




The	 thermo‐mechanical	 loading	 condition	 is	 simulated	 as	 a	 two‐step	process	 that	
mimics	 the	 real	 scenario	 in	 that	 the	 thermal	 GND	 density	 arises	 due	 to	 thermal	
quenching	 as	 a	 part	 of	 processing,	 while	 the	 mechanical	 GND	 density	 accumulates	
during	 subsequent	 mechanical	 loading.	 A	 typical	 two‐step	 thermo‐mechanical	
simulation	using	MSGCP	 is	performed	as	 follows:	 in	 the	 first	 step,	we	apply	a	uniform	
temperature	reduction	Δܶ ൌ 	500 to	the	entire	unit	cell.	This	quenching	effect	results	in	
a	 thermal	 GND	 density	 that	 is	 heterogeneously	 distributed	 within	 the	 matrix.	 The	
second	step	constitutes	using	this	pre‐existing	GND	density	distribution	as	a	background	
motif	 on	 the	 same	 starting	 microstructure	 and	 performing	 a	 new	 calculation	 under	
actual	 mechanical	 loading	 of	 interest.	 Thus,	 following	 the	 thermal	 loading	 step,	 a	
uniform	 displacement	 b.c.	 in	 the	 x1-direction	 is	 applied	 to	 the	 right	 edge	 (Fig.	 2.3)	
producing	a	nominal	strain	rate	ߝሶ ൌ 	1 ൈ 10ିହ.	We	consider	several	crystal	orientations	
ߠ ൌ 	 0௢	, 10௢	, 30௢ܽ݊݀	45௢  and	 inclusion	 sizes	 ݀௜ 	ൌ 	1, 2, 5	ܽ݊݀	10	ߤ݉ to	 elucidate	 the	
crystallographically	mediated	size‐effects.	In	all	the	simulations,	the	inclusion	v.f.	is	kept	




GND	 density	 	ߩ௚	under	 thermal/ mechanical	 loading	 condition	 is	 calculated	 using	 the	
constitutive	laws	provided	in	previous	section	(Eq.	2.8).	
2.3.2 Crystal orientation and inclusion size effects on thermal GND 
density distribution 
Figure	2.4a‐d	 exhibit	 several	 interesting	 features	pertaining	 to	 the	distribution	of	
the	 thermal	 GND	 density	 ߩ௚௧௛for	 two	 ݀௜ ൌ 1ߤ݉	 and	 10ߤ݉	 as	 a	 function	 of	 different	
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crystal	orientations	ߠ,	prior	to	the	mechanical	loading.	Foremost,	it	can	be	validated	that	
for	a	fixed	ߠ	the	distribution	of	ߩ௚௧௛	 is	similar	 for	different	 inclusion	sizes;	as	expected,	
the	magnitude	is	much	larger	for	the	finer	inclusion	(Dai	et	al.,	2001b).		
Figure	  2.4.	 	Crystal	orientation	and	 inclusion	size	dependent	distribution	of	effective	GND	
density	ߩ௚௧௛	(	|Δܶ| ൌ 500, 	݀௜ ൌ 1 ߤ݉ሻ.	
However,	 a	 key	 result	 is	 that	 the	 simulations	 quantify	 the	 heterogeneity	 in	 the	
distribution	 of	 ߩ୥௧௛,	 which	 underscores	 the	 limitations	 that	 may	 arise	 from	 the	
assumption	 of	 uniform	 enhancement	 of	 matrix	 strength	 due	 to	 quenching	 (Dai	 et	 al.,	




































This	 becomes	 especially	 critical	 when	 working	 with	 composites	 tend	 to	 host	
relatively	dilute	v.f.'s	of	micron	or	sub‐micron	sized	reinforcements	(Zhang	and	Wang,	
2008)	 compared	 to	 conventional	MMCs	which	usually	host	high	v.f.	 of	 inclusions	with	
sizes	 in	 the	 range	 of	 tens	 of	microns.	 The	 GND	 density	 is	mainly	 concentrated	 at	 the	
sharp	 inclusion	 corners	 to	 accommodate	 the	 strong	 lattice	 incompatibility	 that	 causes	
stress	 concentration.	 Table	 	 2.2	 shows	 the	 slip	 systems	 that	 contribute	 to	 the	 GND	
distribution	 for	 different	 crystal	 orientations.	 The	 distribution	 is	 determined	 by	 the	
number	of	active	slip	systems,	which	is	function	of	ߠ.	Figure	2.5a	shows	the	magnitude	
of	effective	thermal	GND	density	ߩ௚௧௛along	the	line	AB	(see	inset)	with	distance	from	the	
inclusion	 corner	 for	 different	 crystal	 orientation	 and	 |Δܶ| ൌ 500,	 ݀௜ ൌ 1ߤ݉.	 It	 can	 be	
seen	 that	 the	 local	 GND	 density	 ߩ௚௧௛	 near	 the	 matrix‐inclusion	 interface	 is	 very	 high	
(~		10ଵହ		݉ିଶ	)	while	its	magnitude	rapidly	decreases	away	from	the	interface.	The	local	
GND	 density	 magnitude	 at	 the	 interface	 is	 much	 higher	 for	 ߠ ൌ 45	 where	 fewer	 slip	
systems	actively	participate	(Table		2.2)	and	they	are	perpendicular	to	matrix/inclusion	
interface	 which	 cause	 the	 maximum	 thermo‐elasto‐plastic	 incompatibility	 at	
matrix/inclusion	interface.	
Table	 2‐2.	Activated	slip	systems	for	two	limiting	crystal	orientations	
Slip	Normal	 Slip	Direction	 ߠ ൌ 0௢	 ߠ ൌ 45௢	
(1,1,1)	 (0,‐1,1)	 ‐	 X	
(1,1,1)	 (‐1,0,1)	 X	 X	
(1,1,1)	 (‐1,1,0)	 X	 ‐	
(‐1,1,1)	 (0,‐1,1)	 ‐	 ‐	
(‐1,1,1)	 (1,0,1)	 X	 ‐	
(‐1,1,1)	 (1,1,0) X ‐	
(1,‐1,1)	 (0,1,1) ‐ ‐	
(1,‐1,1)	 (‐1,0,1)	 X	 ‐	
(1,‐1,1)	 (1,1,0)	 X	 ‐	
(1,1,‐1)	 (0,1,1)	 ‐	 ‐	
(1,1,‐1)	 (1,0,1)	 X	 X	
(1,1,‐1)	 (‐1,1,0)	 X	 X	
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Figure	 2.5b	 shows	 the	 average	 thermal	 GND	 density	 ߩ௚௧௛ ൌ ଵ௏೘ ׬ 	ߩ௚
௧௛݀ ௠ܸ	 in	 the	
matrix	 volume	 ௠ܸ	 for	 different	 ߠ′ݏ	 and	 fixed	 inclusion	 size	 (݀௜ ൌ 1ߤ݉ሻ.	 Beyond	 the	
initial	elastic	deformation	stage,	ߩ௚௧௛	changes	linearly	with	|Δܶ|,	which	is	consistent	with	
the	 analytical	models	 (Arsenault	 and	Taya,	 1987;	Dai	 et	 al.,	 1999;	Dai	 and	Bai,	 2001).	
Notably,	ߩ௚௧௛	is	about	:		10ଵଷ		݉ିଶ	at	|Δܶ| ൌ 500,	which	is	in	the	same	range	as	evaluated	
in	 experiments	 (Barlow	 and	 Liu,	 1998)	 and	 predicted	 from	 the	 dislocation	 punching	
model	of	(Arsenault	and	Shi,	1986).	However,	the	additional	information	that	we	obtain	
from	the	figure	is	the	effect	of	crystal	orientation	on	ߩ௚௧௛.	Even	with	isotropic	elasticity	as	
assumed	 here,	 higher	 lattice	 incompatibility	 produces	 higher	 GND	 density	 especially	
with	increasing	|Δܶ|.	
	
ߠ ൌ 0௢	 ߠ ൌ 10௢	
ߠ ൌ 30௢	 ߠ ൌ 45௢	









to	 thermal	 excursion	 is	 of	 interest.	 The	 results	 indicate	 that	 the	 with	 decreasing	
inclusion	 size	 and	 increasing	 incompatibility,	 the	 matrix	 may	 become	 susceptible	 to	




magnitude	 of	 thermal	 GND	 density	 and	 the	 area	 its	 distributed	 over	 are	 larger.	
Consistent	with	analytical	models,	figure	2.7b	and	2.7c	confirms	the	linear	dependence	
of	ߩ௚௧௛	on	|Δܶ|	and	its	inverse	dependence	on	the	inclusion	size	for	given	|Δܶ|.	While	the	
trends	 broadly	 corroborate	 with	 analytical	 models,	 the	 simulations	 provide	 a	 deeper	
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(c)	Inverse	relation	of	average	thermal	GND	density	̅ߩ௚௧௛	and	inclusion	size	ሺ|Δܶ| ൌ 500, ߠ ൌ 0௢ሻ.	
Note	that	in	addition	to	the	thermal	mismatch	that	is	commonly	accounted	for	(e.g.	
(Arsenault	 and	Shi,	 1986;	Dai	 et	 al.,	 1999;	Dunand	and	Mortensen,	1990;	Dai	 and	Bai,	
2001)),	the	elasto‐plastic	mismatch	between	the	matrix	and	inclusion	also	contributes	to	
the	GND	density	under	thermal	loading.	This	latter	contribution	is	not	apparent	in	most	
of	 the	 analytical	 and	 numerical	 models.	 For	 example,	 Dai	 et	 al.	 (2001)	 provide	 an	
expression	 for	 the	 GND	 density	 that	 develops	 due	 to	 elastic	 mismatch	 under	
mechanically	applied	strain,	but	its	application	to	the	elastic	mismatch	strain	developed	
during	thermal	loading	is	not	accounted	for.	To	isolate	these	individual	contributions	to	
thermal	 GND	 density,	 we	 performed	 additional	 simulations	 in	 that	 elasto‐plastic	
mismatch	is	suppressed,	but	the	thermal	mismatch	is	retained.	As	can	be	seen	in	figure	
2.8	 for	 the	particular	 case	of	ߠ ൌ 0	and	݀௜ ൌ 1ߤ݉,	ߩ௚௧௛	 is	nearly	30%	higher	when	 the	






























Figures	 2.5b	 and	 2.7c	 together	 indicate	 an	 interesting	 interplay	 between	 the	
inclusion	size	and	crystal	orientation.	We	observe	 that	an	 increase	 in	 the	GND	density	
due	 to	 a	 smaller	 inclusion	 could	 be	 compensated	 (at	 least	 partially)	 if	 the	 lattice	 is	
oriented	 in	 a	manner	 that	produces	weak	 incompatibility.	 To	 first	 order,	 these	 effects	
due	 to	 thermal	 excursion	 may	 be	 accounted	 for	 in	 a	 manner	 similar	 to	 that	 derived	
analytically	(Dunand	and	Mortensen,	1991;	Dai	et	al.,	2001)	
ߩ௚௧௛ ൌ
ܭ ௜݂ Δߙ Δܶ
ܾ݀௜ 	 ( 2.15)	
where	ܭ is	a	pre‐factor	that	embeds	the	information	of	the	effects	of	crystallographically	
defined	 elastio‐plastic	 properties	 of	 the	 matrix	 and	 the	 inclusion	 shape.	 For	 square	
inclusions,	comparing	Eq.	2.15	with	the	simulation	results	(Fig.	2.5b),	ܭ ൎ 30 െ 40,	with	
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the	 lower	 bound	 delimited	 by	 the	 lowest	 lattice	 incompatibility	 (e.g.	 ߠ ൌ 0௢  in	 our	
simulations)	 and	 the	upper	bound	by	 the	highest	 lattice	 incompatibility	 (e.g.	ߠ ൌ 45௢)	
with	respect	 to	 the	 loading	axis.	Note	 that	 the	pre‐factor	ܭ is	nearly	 thrice	 that	of	 the	
analytically	obtained	coefficient	(Dai	et	al.,	2001).	
	
2.3.3 Size-dependent stress-strain response with pre-existing 
thermal GND density 
Following	the	thermal	processing	that	produce	residual	stresses,	the	MMC	behavior	
under	 compressive	 and	 tensile	 mechanical	 loads	 could	 differ	 significantly.	For	
conventional	 coarse‐grained	MMCs	with	 large	 inclusions,	the	 thermal	 residual	 stresses	
provide	 a	 basis	 for	 the	 tension‐compression	 asymmetry	 in	 the	 stress‐strain	
response.	This	 is	also	expected	 in	MMCs	with	 fine‐scaled	 inclusions	with	an	additional	
complexity	arising	from	their	size‐dependency.	As	noted	in	the	introductory	part	of	this	
section,	we	 subjected	 the	 same	 MMC	 unit	 cells	 to	 monotonic	 tension	 and	
compression	(Fig.	2.9).	The	 solid	 curves	 in	 figure	2.9	are	 the	 average	 true	 stress‐true	
strain	MMC	responses	 in	tension	and	compression	in	the	presence	of	 locked‐in	 length‐
scale	 dependent	 thermal	 residual	 stresses	 ሺ݀௜ ൌ 1	ߤ	݉, ௜݂ ൌ 0.05	, ߠ	 ൌ 45°ሻ.	The	
classical	crystal	plasticity	(CCP)	results	(i.e.	ignoring	the	slip	gradients)	are	shown	by	the	
dashed	curves	 for	 the	same	 ௜݂		 and	ߠ.	Note	that	 the	stress‐strain	curves	are	plotted	up	
to	1	%	strain	only,	in	order	 to	highlight	 the	effect	of	prior	thermal	 residual	stresses	on	
the	initial	strengthening	and	hardening.	In	both	cases	the	thermal	residual	stresses	lead	
to	an	asymmetry	 in	 the	 tensile	and	compressive	responses,	indicating	 their	ubiquitous	
role	 irrespective	 of	 whether	 size‐effects	 are	 accounted	 for	 or	 not.	Specifically,	the	
compressive	 response	 is	 stronger	 compared	 to	 the	 tensile	 response,	because	 the	
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MSGCP	for	inclusion	size	݀௜ ൌ 1	ߤ݉, ߠ ൌ 45°.	
Looking	at	different	inclusion	sizes	and	crystal	orientation	reveals	that	the	thermal	
residual	 stress	 is	 tensile	 in	 the	 vicinity	 of	 the	 top	 and	 bottom	 interfaces	 and	 its	
magnitude	is	larger	for	smaller	݀௜	for	all	ߠ.	Likewise,	for	a	fixed	݀௜	the	magnitude	of	the	
normal	 stress	 increases	 with	 increasing	 incompatibility,	ሺ݅. ݁. 	൫ߪଵଵ௧௛൯ఏୀସହ೚ ൐
൫ߪଵଵ௧௛൯ఏୀଷ଴೚ ൐ ൫ߪଵଵ௧௛൯ఏୀଵ଴೚ ൐ ൫ߪଵଵ௧௛൯ఏୀ଴೚ሻ.	A	comparison	of	the	CCP	and	SGCP	responses	in	
Fig.	2.9	reveals	 that	 the	 thermal	GND	contribution	 in	 compression	(difference	between	
blue	solid	and	dashed	lines)	is	higher	than	in	tension	(difference	between	red	solid	and	
dashed	 lines).	On	 the	other	words,	under	 compressive	 loading,	a	 higher	overall	 load	 is	
required	 to	overcome	 the	 initial	 tensile	 thermal	 residual	 stress	and	 this	causes	higher	
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(b)	hardening	rate.	(݀௜ ൌ 1	ߤ݉, ߠ ൌ 45°),	obtained	from	MSGCP	calculations.		
Figure	2.10	 indicates	 that	 the	 hardening	 rate	 in	 tension	 is	 higher	 than	 that	 in	
compression,	at	least	in	the	initial	stages	of	plasticity.	To	further	study	the	evolution	of	
hardening	due	to	thermo‐mechanically	induced	GND	effects,	we	compare	the	hardening	
rates	 of	 the	 two‐step	 thermo‐mechanical	 loading	 for	 monotonic	 tension	 and	
compression	with	that	of	the	mechanical‐only	loading	case.	Note	that	in	the	mechanical‐
only	case	the	response	is	the	same	under	tension	and	compression.	Figure	2.10a	shows	
influence	 of	 prior	 thermal	 loading	 on	 the	 subsequent	 stress‐strain	 response	 under	
tensile	and	compressive	mechanical	 loading	when	compared	with	 the	mechanical‐only	
loading	case	and	figure	2.10b	shows	the	corresponding	hardening	rates	݀ߪ/݀߳.	It	can	be	
seen	 that	 in	 the	 presence	 of	 initial	 thermal	 loading	 the	 subsequent	 tensile	 yield	
strength	(measured	 at	0.2%	strain)	is	 lower,	but	 the	 overall	 hardening	 rate	 is	 higher	
compared	 to	 the	 mechanical‐only	 loading	 over	 the	 strain	 range	 considered.	On	 the	
contrary,	the	compressive	yield	strength	is	higher	and	the	hardening	rate	is	also	high	in	
the	incipient	stage,	but	with	increasing	strain	the	latter	quickly	drops	below	the	tensile	
response	 and	 asymptotes	 toward	 the	 hardening	 rate	 of	 the	 mechanical‐only	 loading	
condition.	These	 observations	 may	 be	 rationalized	 as	 follows:	at	 the	 initial	 stages	 of	
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compressive	 loading,	macroscopic	 compressive	 stresses	 at	 the	 inclusion‐matrix	
interfaces	 are	 compensated	 by	 the	 initial	 tensile	 thermal	 residual	 stresses	 generated	
during	the	thermal	loading	at	the	interface	(figure	2.11).	Naturally,	the	net	local	stresses	
at	 the	 interface	 are	 lowered	 and	 therefore,	the	 applied	 stress	 has	 to	 be	 increased	 for	
macroscopic	 yielding	(Fig.	2.10a).	Then,	for	 the	 same	 strain	 the	 stress	 is	 higher	 in	 the	
thermal	 plus	 compressive	 loading	 case	 compared	 to	 the	mechanical‐only	 loading	 case	
and	 consequently,	the	 initial	 hardening	 rate	 in	 the	 former	 is	 higher.	The	 rapid	drop	 in	
the	 compressive	 hardening	 rate	 indicates	 that	 the	 strengthening	 effect	 due	 to	 prior	
thermal	 residual	 stresses	 decreases	 with	 increasing	 strain.	This	 may	 be	 construed	 as	




the	 same	 as	 that	 developed	 during	 prior	 thermal	 history.	 However,	 as	 deformation	
progresses	we	observe	a	drop	in	the	GND	density	under	compressive	loading	indicating	
partial	 annihilation	 of	 thermal	 GNDs;	 in	 comparison,	 under	 tensile	 loading	 the	 GND	
density	increases	much	more	rapidly.	In	other	words,	the	lattice	curvature	generated	at	
the	inclusion‐matrix	interface	due	to	thermal	loading	is	compensated	by	that	generated	
due	 to	 the	 mechanical	 loading.	 As	 the	 loading	 continues,	 the	 mechanically‐induced	
lattice	curvature	(mechanical	GND	density)	prevails	over	the	initial	thermal	GND	density	









(݀௜ ൌ 1	ߤ݉	, ߠ ൌ 45°)	
2.3.4 Inclusion shape effect on stress-strain responses in the 
presence of thermal GND density 
Theoretical	studies	on	MMC	reveal	 that	overall	MMC	response	 is	strongly	affected	
by	 inclusion	 shapes.	 (Meijer,	 2000)	 used	 a	 cubic	 unit	 cell	 to	 investigate	 the	 residual	
thermal	stress/strain	in	particulate	reinforced	metal	matrix	composites.	They	found	that	
the	 sharp	 corners	 and	 edges	 of	 the	 cube	 shaped	 particles	 result	 in	 stress/strain	
localization	 and	 lead	 to	 a	 much	 larger	 initial	 hardening	 behavior	 than	 the	 spherical	
inclusions.	 (Chen	 et	 al.,	 1999)	 extensively	 studied	 effect	 of	 inclusion	 shape	 and	 its	







the	 coupling	 between	 the	 inclusion	 size	 and	 shape	 in	 the	 presence	 of	 initial	 thermal	
loading.	To	do	so,	we	perform	the	two‐step	thermo‐mechanical	simulations	 for	square	











embedded	in	single	crystal	with	(a)	ߠ ൌ 0°	and	(b)	ߠ ൌ 45°.		
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Studies	on	 the	effect	of	 inclusion	 shape	using	continuum	plasticity	have	 indicated	




to	 be	 somewhat	 different	 when	 the	 GND	 effects	 are	 included.	Figure	2.13	shows	 the	
MSGCP	true	stress‐true	strain	responses	of	MMC	under	thermo‐mechanical	 loading	for	
the	 square	 and	 circular	 inclusions	 embedded	 in	 single	 crystal	 with	 ௜݂ ൌ 0.05	and	ߠ	 ൌ
0°ሻ.	For	 comparison,	the	 CCP	 results	 are	 also	 included	 in	 the	 same	 plot	 with	 same	
simulation	 parameters.	The	 CCP	 results	 show	 that	 the	 shape	 of	 inclusion	 has	 an	

























 CCP- Square inclusion
 CCP- Circular inclusion
 MSGCP- Square inclusion
 MSGCP- Circular inclusion
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The	 diminished	 shape	 effect	 in	 the	 presence	 of	 thermal	 GND	 density	 can	 be	
explained	in	terms	of	the	interaction	between	the	GND	affected	zone	at	i‐m	interface	and	
the	 high	 triaxiality	 stress	 at	 a	 sharp	 corner.	Figure	2.14	shows	 the	 von‐Mises	 stress	
distributions	 around	 the	 square	 and	 circular	 inclusions	 as	 obtained	 from	 the	CCP	and	
MSGCP	 calculations.	The	 CCP	 simulation,	 being	 length‐scale	 independent,	 does	 not	
account	for	the	thermal	GND	density	and	is	akin	to	a	large	inclusion	case	where	the	GND	






thermally	 induced	 GND	 density	 is	 not	 present	 or	 is	 negligible.	 Figure	 2.15	 further	
elaborates	this	idea	schematically,	indicating	that	the	stress	concentrations	at	the	sharp	
corners	 tend	 to	 be	 engulfed	 by	 overall	 high	 stress	 around	 a	 square	 inclusion	 as	 the	
inclusion	size	decreases.	This	tempers	the	effect	of	inclusion	shape	on	the	macroscopic	
behavior,	because	the	stress	state	around	a	sharp	 inclusion	appears	to	be	qualitatively	
closer	 to	 that	 of	 an	 inclusion	with	 rounded	 corners,	 the	 limiting	 case	 being	 a	 circular	
inclusion.	 We	 note	 in	 passing	 that	 we	 observe	 qualitatively	 similar	 trends	 for	 the	
ߠ	 ൌ 45°	and	are	not	repeated	 for	brevity.	 In	conclusion,	 the	simulations	reveal	 that	 in	
the	 presence	 of	 initial	 thermal	 GND	 density	 the	 inclusion	 shape	 effect	 on	 the	 overall	
MMC	 response	 diminishes	 at	 smaller	 inclusion	 sizes.	 In	 addition	 to	 this,	 although	 the	




















2.3.5 Thermal GND density distribution in polycrystalline MMC 
under thermal loading 
In	 the	 previous	 sections,	 the	 role	 of	 inclusion	 size	 and	 crystal	 orientation	 are	
investigated	 using	 unit	 cell	 model	 comprising	 a	 single	 inclusion	 embedded	 inside	 a	
single	crystal	matrix.	In	this	section,	we	explore	the	applicability	of	the	model	on	MMC	
with	 polycrystalline	matrix	 where	 grain	 sizes	 are	 smaller	 than	 inclusion	 sizes.	 In	 the	
next	 section	 we	 will	 investigated	 the	 role	 of	 grain	 size,	 inclusion	 size	 and	 their	
interaction	 in	 MMC	 overall	 response	 under	mechanical	 loading	 via	 mechanism	 based	
strain	gradient	theory.	Here,	we	adopt	unit	cell	approach	including	both	the	thermal	and	
the	elasto‐plastic	mismatches	between	the	grains	as	well	as	the	inclusion	and	the	grains	
surrounding	 it	 (figure	 2.16).	 The	 crystallographic	 elastic	 properties	 for	 the	 grains	 are	
ܥଵଵ ൌ 168.4, ܥଵଶ ൌ 121.4	and	ܥସସ ൌ 75.4	ܩܲܽ	.The	colors	for	individual	grains	represent	
their	 orientation	 as	 specified	 by	 the	 numerals	 within	 the	 grains	 surrounding	 the	
inclusion	in	Fig.	2.16.	The	contour	plots	in	Figs.	.....a	and	b	respectively	show	the	thermal	
GND	density	 distribution	 grain	 sizes	݀௚ ൌ 0.5ߤ݉	and	0.25ߤ݉.	 In	both	 case,	 ௜݂ ൌ 0.05	 ,	
and	݀௜ ൌ 1ߤ݉.		
As	 a	 comparison,	 Fig.	 2.17	 shows	 the	 evolution	 of	 the	 average	 thermal	 GND	
densities	 in	the	polycrystalline	MMC	and	its	single	crystal	counterparts.	First,	 it	can	be	
seen	that	the	average	GND	density	is	higher	in	the	case	of	polycrystalline	MMCs	as	the	
grain	 boundaries	 act	 as	 additional	 sources	 of	 elasto‐plastic	 incompatibility.	
Interestingly,	 this	 enhancement	 is	 only	 weakly	 dependent	 on	 the	 grain	 size.	 This	
indicates	 that	 the	 elastic	 anisotropy	 in	 polycrystalline	 matrices	 do	 not	 produce	 a	
significant	coupling	into	the	grain	size‐dependence	of	the	thermal	GND	density.	Second,	
we	observe	is	that	the	finer	grain	size	produces	a	more	uniform	distribution	of	the	GND	




for	 highly	 textured	 polycrystalline	 cases	 (a	 limiting	 case	 being	 a	 single	 crystal)	 the	















2.4 Grain size-inclusion sizes interaction in MMC at 
moderate strain using MSGCP 
Most	of	 the	previous	efforts	 on	MMC	behaviors	 and	underlying	mechanisms	have	
been	concentrated	on	the	unit	cell	approaches	where	a	single	inclusion	representing	its	
v.f.,	 is	 embedded	 in	 a	 single	 crystal	 or	 a	 homogenized	 matrix	 that	 is	 endowed	 with	
enriched	plasticity	descriptions.	However,	it	is	important	to	note	the	limitations	of	these	
models	 in	 terms	 of	 the	 microstructural	 characteristics:	 an	 inclusion	 embedded	 in	 a	
single	crystal	resembles	a	polycrystalline	mass	whose	grains	are	much	bigger	than	the	
particles	(Cleveringa	et	al.,	1997)	so	that	the	gb’s	do	not	interfere	in	the	strengthening	
response	 (e.g.	 a	 sub‐micron	 sized	 inclusion	 embedded	 within	 a	 large	 grain	 of	 a	
polycrystal).	 The	 other	 extreme	 is	 the	 assumption	 of	 a	 homogenized	 matrix	 with	
discrete	 inclusions	 (Nan	 and	 Clarke,	 1996;	 Suh	 et	 al.,	 2009;	 Xue	 et	 al.,	 2002),	 which	
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resembles	 a	 polycrystalline	 mass	 with	 grains	 that	 are	 much	 finer	 (allowing	
homogenization	 of	 the	 matrix)	 than	 the	 inclusions.	 In	 practice,	 one	 may	 encounter	
important	 intermediate	 cases	 in	 addition	 to	 these	 two	 extremes,	 especially	 for	
nanostructured	 composites.	 For	 example,	 the	 trimodal	 Al‐alloy	 composites	 (Joshi	 and	
Ramesh,	2007;	Zhang	et	al.,	2008)	possess	grain	sizes	that	are	in	the	same	range	as	those	
of	the	reinforcing	particles	(Figure	 2.18).	In	such	situations	it	may	not	be	appropriate	to	
assume	 either	 a	 homogenized	matrix	model	 or	 a	 single	 crystal	 approximation.	 Rather	







one	 account	 for	 or	 model	 the	 interaction	 between	 these	 microstructural	 features?	 Is	
there	 a	 range	 of	 grain	 size‐inclusion	 size	 combinations	 that	 produces	 significant	
synergistic	 contributions?	 Is	 it	possible	 to	quantify	 this	 interaction,	 for	example,	 as	an	




From	 a	mechanistic	 viewpoint	 this	 is	 a	 challenging	 problem	 as	 there	 are	 several	
aspects	that	one	has	to	understand,	for	example,	the	physics	of	the	plastic	events		at	the	
inclusion‐matrix	 (i‐m)	 interfaces	 and	 at	 gb’s	 (and	 triple	 junctions),	 communication	
between	 the	 i‐m	 interfaces	and	gb’s,	 grain	orientation	 effects,	 inclusion	and	grain	 size	
distributions,	 and	 several	 more.	 While	 it	 may	 be	 important	 to	 incorporate	 these	
mechanisms,	 a	 single	 mechanistic	 framework	 that	 is	 capable	 of	 resolving	 the	
microstructural	 details	 and	 concurrently	 also	 embeds	 appropriate	 physics	 for	 all	 the	
interfacial	mechanisms	is	difficult	to	conceive	at	the	moment.	A	comparatively	tractable	
setting	is	possible	if	one	chooses	to	simplify	and/	or	ignore	some	of	the	aspects.	Crystal	
plasticity	 enriched	 with	 length‐scale	 features	 can	 effectively	 handle	 the	 kind	 of	
resolution	necessary	for	the	problem.	In	its	simplest	version,	it	is	possible	to	model	MMC	
microstructures	 using	 CP	 by	 explicitly	 resolving	 the	 grains	 and	 inclusions	 and	
accounting	 for	 some	 of	 the	 size‐dependent	 mechanisms,	 but	 ignoring	 some	 of	 the	
intricate	 details	 such	 as	 size	 and	 spatial	 distributions	 of	 grains	 and	 inclusions,	 gb	
deformation	processes	and	failure3.	
With	this	notion,	we	demonstrate	a	computational	approach	based	on	length‐scale	
dependent	 crystal	 plasticity	 (CP)	 to	 answer	 the	 questions	 posed	 in	 the	 preceding	
paragraph.	Specifically,	 this	work	resorts	 to	the	mechanism‐based	slip	gradient	crystal	
plasticity	 (MSGCP)	 (Han	 et	 al.,	 2005a)	 theory.	 MSGCP	 accounts	 for	 size‐effects	 by	
incorporating	slip	gradients	that	are	related	to	the	GND	densities	within	the	constitutive	
description	 of	 individual	 slip	 systems.	 Given	 that	 both	 grains	 and	 inclusions	 are	









framework,	 because	 it	 does	 not	 invoke	 additional	 boundary	 conditions	 (b.c.’s)	 at	
interfaces.	 Consequently,	 the	 lower‐order	 CP	 approaches	 cannot	 model	 some	 of	 the	
enhanced	 interactions	 between	 interfaces	 and	 dislocations	 that	 the	 higher‐order	 CP	
approaches	are	capable	of	handling.	Although	a	higher‐order	theory	would	be	suited	for	
the	 present	 problem	 (Fredriksson	 et	 al.,	 2009),	 (Bardella	 and	 Giacomini,	 2008),	 the	
difficulty	 with	 higher‐order	 b.c.’s	 is	 that	 it	 may	 not	 be	 always	 easy	 to	 identify	




effect	 appears	 only	 in	 the	 flow	 behavior	 rather	 than	 at	 yield	 (Evans	 and	 Hutchinson,	
2009).	However,	despite	some	of	its	limitations,	we	choose	the	MSGCP	theory	keeping	in	
view	 its	 simplicity	 in	 the	 numerical	 implementation	 within	 existing	 CP	 framework,	
computational	 expense	 for	 the	 present	 work	 and	 a	 relatively	 established	 physical	
understanding	of	the	length–scale	parameters.	In	this	regard,	the	results	presented	here	










2.4.1 Model Microstructures 
To	enable	consistent	comparison	across	different	parametric	models,	we	consider	
highly	idealized	MMC	microstructures	comprising	square	grains	and	inclusions.	We	also	
assume	 that	 the	 inclusions	 are	 regularly	 arranged,	 and	 the	 gb’s	 and	 interfaces	 remain	
intact	throughout	the	deformation.	Figure	 2.19	shows	canonical	polycrystal	(Figure	 2.19	
a,	 c)	 and	MMC	 (Figure	  2.19	 b,	 d)	 microstructures	 amongst	 several	 considered	 in	 the	
present	work.	One	extreme	case	is	where	the	inclusion	is	much	smaller	than	the	grain	so	
that	 it	effectively	resides	within	the	grain	(Figure	  2.19	b),	and	the	other	case	 is	where	
the	inclusion	is	much	bigger	than	the	grains	(Figure	 2.19	d)	so	that	multiple	grains	share	
an	inclusion	interface.	A	grain	orientation	(Figure	 2.19	a)	for	this	FCC	crystal	structure	is	
defined	here	 as	 the	 angle	made	by	 the	 [100]	 crystal	 direction	with	 the	 global	 loading	
direction	 ሺݔଵሻ	 and	 [001]	 crystal	 direction	 is	 considered	 to	 coincide	with	 the	 global	 ݔଷ	
direction.	 The	 associated	 color	 for	 each	 grain	 acts	 as	 a	 reference	 for	 the	 other	
microstructures4.	 Within	 each	 MMC	 configuration	 the	 grain	 size	݀௚	and	 inclusion	
size	݀௜	are	constant.	This	enables	organizing	the	microstructural	arrangements	into	two	












randomly	 oriented	 grains.	 Note	 that	 only	 when	 ݀௚ ≫ ݀௜	would	 a	 computational	 cell	
asymptote	 to	 a	 unit	 cell	 approximation	 that	 is	 commonly	 adopted	 (Dai	 et	 al.,	 2001a;	
Kouzeli	and	Mortensen,	2002;	Nan	and	Clarke,	1996;	Zhang	et	al.,	2007)	however,	most	
works	do	not	state	the	assumptions	on	the	matrix	microstructural	details	explicitly.	 In	
such	 cases,	 it	 is	 not	 obvious	 how	 the	 matrix	 strengthening	 due	 to	 grain	 size	 would	
couple	with	the	contribution	from	inclusion	size.	To	quantify	the	grain	size	and	particle	
size	effects:		
47  38  78  5  19  42 
85  83  38  55  22  21 
64  7  40  37  15  58 
47  34  67  72  58  6 
68  16  67  14  66  76 







(i)	First,	we	model	polycrystalline	masses	 comprising	a	 fixed	number	of	 grains	of	
size	݀௚,	without	 inclusions	 (c.f.	 Figure	  2.19	 a,	 c).	 These	 simulations	 are	 performed	 for	
microstructures	with	different	grain	sizes,	but	keeping	the	initial	orientations	between	
the	different	microstructures	unchanged.		



















interface	 andΔߪ௜௡௧	 is	 an	 additional	 contribution	 that	may	exist	 due	 to	 the	 synergistic	
effects	between	݀௚	and	݀௜.	Note	that	the	grain	size	contribution	is	common	to	Eqs.	( 2.16)	
and	( 2.17).		
For	all	 the	 cases,	 the	 left	 and	bottom	edges	are	 respectively	 constrained	 along	 ݔଵ	
and	 ݔଶ	 directions,	 the	 top	 edge	 is	 allowed	 to	 move	 vertically,	 but	 remain	 straight.	 A	
uniform	 velocity	 b.c.	 is	 applied	 to	 the	 right	 edge	 producing	 a	 nominal	 strain	
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rate	ߝ ̅ሶ ൌ 1 ൈ 10ିଶ	ݏିଵ.	 In	what	 follows,	we	 refer	 to	 the	polycrystalline	microstructures	









the	 hardening	 response	 rather	 than	 at	 yield	 (Evans	 and	Hutchinson,	 2009;	Han	 et	 al.,	
2005a).	 Therefore,	 we	 measure	 the	 average	 flow	 stress	 at	 2%	 nominal	 strain	 to	
demonstrate	the	size	effects.	Figure	 2.21	shows	the	strong	dependence	of	the	flow	stress	
on	݀௚.	The	plot	also	 includes	 the	popular	Hall‐Petch	 type	empirical	 fit	 ൫~	݀௚ି ଴.ହ൯	to	 the	
simulation	 results	 alongside	 the	 inverse	 grain	 size	 correlation	 ሺ݀௚ି ଵሻ.	 (Acharya and 
Beaudoin, 2000)	 applied	 their	 version	 of	 the	 length‐scale	 dependent	 CP	 theory	 to	
investigate	 grain	 size	 effects	 in	 polycrystals	 and	 obtained	 corroborations	 with	
experiments	 at	 moderate	 strains.	 Experimental	 evidences	 (Hommel	 and	 Kraft,	 2001;	
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2.4.3 Length-scale Dependent MMC Response 
We	 now	 discuss	 the	 results	 obtained	 from	 the	 MMC	 simulations.	 For	 clarity,	 we	
focus	initially	on	the	case	with	fixed	݀௜ ൌ 2	ߤ݉	and	different	݀௚′ݏ	ሺൌ 6	ߤ݉	and	1ߤ݉ሻ,	but	
subsequently	also	discuss	the	effect	of	inclusion	size.	Figure	 2.22	shows	the	response	of	
MMCs	(solid	curves)	for	different	grain	sizes.	For	comparison,	the	polyX	results	for	the	
same	grain	 sizes	and	orientations	are	also	 included	 in	 the	 figure	 (dashed	curves).	The	
red	 dashed	 and	 solid	 curves	 respectively	 denote	 the	 response	 of	 the	 polyX	 and	MMC	
without	 the	 gradient	 effects	 (i.e.	 conventional	 crystal	 plasticity).	 As	 expected,	
irrespective	of	whether	gradients	are	included	or	not	the	MMC	flow	stress	is	higher	than	
its	polyX	 counterpart	due	 to	 the	presence	of	 inclusions	 in	 the	 former	ሺΔߪ௙ሻ.	The	blue	
solid	 curve	 is	 the	response	of	an	MMC	with	 inclusions	 that	are	much	smaller	 than	 the	
grains	(e.g.	Figure	 2.19	b),	whereas	the	green	solid	curve	is	for	the	case	where	the	grains	




are	 comparable	 to	 or	 smaller	 than	 the	 inclusion	 sizes.	 In	 the	 following	 section,	 we	
quantify	 this	 interaction	 through	 systematic	 simulations	 with	 different	 grain	 and	
inclusion	 sizes.	 	 In the next section, we briefly discuss the mesh convergence studies 





with	݀௜ ൌ 2	ߤ݉.	The	corresponding	polyX	responses	(Figure	 2.20)	are	also	included	for	comparison.		
2.4.4 Grain orientation and mesh size effects 
Since	the	focus	of	this	work	is	to	capture	the	interaction	effects,	we	investigate	the	
influence	 of	 random	 grain	 orientations	 on	Δߪ௜௡௧	in	݀௚ ൏ ݀௜	 regime	 for	 different	݀௚	for	
fixed	݂ ൌ 0.12	and	݀௜ ൌ 2	ߤ݉.	Note	 that	 in	 the	present	2D	 investigation	 the	number	of	





the	 standard	 deviation	 in	 Δߪ௜௡௧	arising	 from	 random	 choice	 of	 grain	 orientations	
reduces	 with	 decreasing	 grain	 size.	 We	 also	 investigated	 mesh	 dependency	 and	
convergence	for	a	 limited	number	of	MMC	simulations	and	present	one	such	result	 for	









































Figure	  2.24a	shows	that	the	stress‐strain	curves	converge	with	finer	mesh	size.	 In	
addition,	 the	 flow	 stress	 at	 a	 true	 strain	 of	 0.04	 is	 depicted	 versus	 total	 number	 of	
elements	used	in	the	model	in	Figure	 2.24b.	
(a)	 (b)	




















































































2.4.5 Grain size-inclusion Size Interaction strengthening 
To	systematically	discern	the	interaction	effect	that	exists	when	the	inclusion	size	is	
in	the	same	range	or	smaller	than	the	grain	size,	we	performed	FE	simulations	of	MMCs	
with	 various	 grain	 size‐inclusion	 size	 combinations	 (see	 Table	  2‐3).	 The	 procedure	
adopted	 is	 discussed	 here	 briefly	within	 the	 context	 of	 a	 fixed	݀௚,	݀௜	and	݂.	 First,	 two	
simulations	 are	 performed	 for	 the	 MMC	 with	 both	 SGCP	 and	 conventional	 crystal	
plasticity	(CCP).	The	algebraic	difference	between	the	overall	stress‐strain	behaviors	of	
these	 two	 gives	 the	 total	MMC	 strengthening	 ൫߂ߪெெ஼ ൌΔߪ௚ ൅Δߪ௜ ൅ 	Δߪ௜௡௧൯	 due	 to	
the	grain	size,	inclusion	size	and	interaction	terms	(Eq.	( 2.17).	The	grain	size	effect	Δߪ௚	
is	 obtained	 as	 the	 difference	 between	 the	 polyX‐SGCP	 and	 polyX‐CCP	 response	 that	
possess	 the	 same	 grain	 sizes	 and	 orientations	 as	 the	 MMC.	 Subtracting	 the	 ሺ1 െ ݂ሻ	
portion	 of	 the	 grain	 size	 effect	Δߪ௚	from	 the	 total	 MMC	 strengthening	Δߪெெ஼,	 the	
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Figure	  2.25	 shows	 the	 normalized	Δߪ௜௧	as	 a	 function	 of	݀௚	 at	 2%	 nominal	 strain	
for	݀௜ ൌ 1	ߤ݉, 2	ߤ݉	and	5	ߤ݉.	Note	that	strengthening	behavior	can	be	split	up	into	two	
distinct	 regions.	 The	 first	 region	 is	݀௚ ൐ ݀௜,	 characterized	 by	Δߪ௜௧	 that	 is	 larger	 for	
smaller	inclusion	sizes.	In	this	regime,	the	curves	remain	horizontal	and	parallel	to	each	
other	 over	 the	 ݀௚	range,	meaning	 that	 the	 grain	 size	 does	 not	 play	 any	major	 role	 in	
contributing	to	the	overall	MMC	strengthening.	In	other	words,	for	݀௚ ൐ ݀௜	the	inclusion	
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Figure	 2.25.	Flow	stress	ሺܽݐ ߝ̅ ൌ 2%ሻ normalized	by	bulk	polyX	yield	stress	variation	of	
MMCs	as	a	function	of	grain	size.	
It	can	be	seen	that	in	Figure	  2.26	that	the	flow	stress	varies	as	݀௜ି ଴.ହ,	which	can	be	
explained	by	Taylor	hardening	description	 that	 is	 embedded	 in	 the	MSGCP	 (Dai	 et	 al.,	
2001a)		
	 Δߪ௜ ൌ √3ߙ்ߤ௠ܾටߩீே஽௜ ൌ √3ߙ்ߤ௠ܾඨ൬
6݂ߝ







yield	stress)	for	large	grain	sizes, ݀௚ ൌ 3݀௜	(negligible	grain	size	effect).	




Δߪ௜௡௧ ൌ 	Δߪ௜௧ െΔߪ௜.	 Note	 that	 for	 a	 fixed	݀௚	the	 interaction	 effect	 is	 larger	 for	
smaller	݀௜.	 Further,	 for	 smaller	 inclusions	 the	 interaction	 effect	 kicks	 in	 at	
correspondingly	 smaller	 grain	 sizes.	 In	 other	 words,	 the	 inclusions	 do	 not	 feel	 their	
neighboring	 grains	 unless	 the	 characteristic	microstructural	wavelengths	 of	 the	 latter	
are	comparable	or	smaller	than	the	former.		
The	manner	in	which	the	GND	density	component	of	the	total	dislocation	density	is	
distributed	 depends	 strongly	 on	 the	 grain	 size	 and	 the	 inclusion	 size.	 As	 an	 example,	
Figure	 2.27	shows	the	GND	density	distributions	along	a	nodal	segment	staring	from	an	































Interaction	 effects	 discussed	 in	 the	 context	 of	 MMCs	 have	 also	 been	 observed	 in	
polycrystalline	 thin	 films	 on	 substrates.	 There,	 strong	 interactions	 exist	 between	 the	
gb’s	 and	 the	 relatively	 rigid	 substrates.	 Although	 these	 effects	 have	 been	 addressed	
based	 on	 the	 grain	 sizes	 and	 film	 thickness,	 they	 have	 mostly	 been	 accounted	 for	
separately	 rather	 than	 as	 an	 interactive	 effect	 (Hommel	 and	 Kraft,	 2001;	 Nix,	 1989;	




































that	 the	 dislocation	 density	 measured	 in	 their	 film‐substrate	 experiments	 was	 larger	
than	 the	 computed	 total	 dislocation	density,	which	 is	 summation	 of	 the	 SSD	and	GND	
densities.	 Furthermore,	 (Choi	 and	 Suresh,	 2002;	 Nicola	 et	 al.,	 2005)	 pointed	 out	 that	
grain	 size	 and	 film	 thickness	 are	 coupled	 and	 not	 independent.	 Hence,	 a	 linear	
combination	 of	 grain	 size	 and	 film	 thickness	 may	 not	 adequately	 capture	 the	 overall	
size‐dependent	 behavior	 of	 thin	 film	 structures,	 similar	 to	 the	 present	 scenario.	 The	
MMC	 architectures	 considered	 here	 bear	 microstructural	 resemblance	 with	
polycrystalline	thin	 films	on	substrates,	and	 it	would	be	 interesting	to	perform	similar	
studies	on	these	architectures.		
2.4.6 Analytical Model for Interaction Strengthening 
From	 Figure	  2.27,	 we	 note	 that	 the	 GND	 density	 distribution	 arising	 from	 the	
kinematic	incompatibilities	within	an	MMC	architecture	is	strongly	affected	by	both	the	





quantify	 the	 dependence	 of	 the	 interaction	 effect	 on	 the	 grain	 size	 and	 inclusion	 size.	
The	 idea	 of	 intersections	 serving	 as	 dislocation	 sources	 has	 been	 recently	 laid	 out	 by	




this	 hypothesis.	 However,	 as	 discussed	 in	 the	 closing	 paragraphs	 of	 the	 preceding	




indicates	 that	 such	 intersections	 can	be	potential	 sources.	We	use	 these	 experimental	
evidences	to	put	forth	our	model	for	the	MMC	problem.		
Figure	  2.28	 shows	 a	 computational	 cell	 of	 size	ܦ ൈ ܦ	 ൈ ܦ	considered	 for	
developing	the	analytical	model.	This	cell	comprises	an	inclusion	of	size	݀௜ ൈ ݀௜ ൈ ݀௜	and	






ܾ 	 ( 2.19)	
where	 ߙ	 is	 a	 factor	 introduced	 to	 account	 for	 the	 fact	 that	 only	 a	 certain	 fraction	 of	




	 ௟ܰ ൌ ߚ ቆ݀௜݀௚ቇ
ଶ
	 ( 2.20)	
where	 ߚ	 is	 a	 geometrical	 factor	 that	 depending	 on	 the	 dimensionality	 of	 the	 problem	
and	 cross‐sectional	 shape	 of	 the	 inclusion.	 From	 Eqs.	 ( 2.19)	 and	 ( 2.20)	 the	 number	
density	of	dislocation	sources	may	be	written	as		
	 ߶௜ି௚ ൌ ௟ܰ
ൈ ௦ܰ/௟
ோܸ௏ா
ൌ ߙߚ ∙ ሺ݀௚ ܾሻ⁄ ∙ ሺ݀௜ ݀௚ሻ⁄
ଶ
ܦଷ 	 ( 2.21)	
where	 ோܸ௏ா ൌ ܦଷ	is	 a	 representative	 volume	 (Figure	  2.28).	 Noting	 that	 for	 a	 given	
RVE,	݂ ൌ ݀௜ଷ ܦଷ⁄ ,	we	obtain	
	 ߶௜ି௚ ൌ ߙߚ݂ܾ݀௜݀௚	 ( 2.22)	
Equation	 ( 2.22)	 indicates	 that	 the	 dislocation	 source	 density	 depends	 linearly	 on	 the	
inclusion	 v.f.	 and	 inversely	 on	 the	 inclusion	 and	 grain	 sizes.	 We	 propose	 that	 an	
additional	dislocation	density	ߩ௜௡௧	emanates	from	these	sources	and	can	be	quantified	as		




݊ௗ௜௦ ݈ௗ௜௦ ൌ ߶௜ି௚ ݊ௗ௜௦ ݈ௗ௜௦	 ( 2.23)	
where	݈ௗ௜௦	 is	 the	 average	 length	 of	 the	 nucleated	 dislocations	 and	 ݊ௗ௜௦	 is	 the	 total	





݀௚ 	 ( 2.24)	




	 ݊ௗ௜௦ ൌ ߞߙ ߝ
௣	 ( 2.25)	
where	 ߞ	 is	 a	 ratio	 of	 the	 total	 plastic	 strain	ߝ௣	 to	 ߝ௜௡௧௣ .	 Substituting	 Eq.	 ( 2.25)	 into	 Eq.	
( 2.24)	we	obtain	
	 ߩ௜௡௧ ൌ ߞߙ ߶௜ି௚ ݈ௗ௜௦ ߝ
௣	 ( 2.26)	
Putting	Eq.	( 2.22)	in	Eq.	( 2.27)	and	using	Taylor	hardening	model,	we	write	





where	ܣ ൌ √3ߙ்ߤ௠ܾ	and	ܥ ൌ ఍ఉ௟೏೔ೞ௕ .	Through	Eq.	( 2.27),	the	interaction	effect	exhibits	a	
Hall‐Petch	 type	 relation	 with	 both	 the	 grain	 size	 and	 the	 inclusion	 size.	 Figure	  2.29	
shows	 the	Δߪ௜௡௧	versus	݀௚݀௜	relationship	 obtained	 from	 all	 the	 FE	 simulations	
performed	 in	 this	 work	 for	 different	݀௚ െ ݀௜	 combinations.	 Notably,	 with	 appropriate	
parameters	 (Table	  2‐4)	 the	 trend	 from	 Eq.	 ( 2.27)	 corroborates	 well	 with	 the	 FE	
simulation	 result,	 indicating	 the	 precise	 nature	 of	 the	 interaction	 effect.	 Thus,	 in	 the	





Figure	 2.29.	Variation	of	the	interaction	strengthening	with	the	product	݀௚ ൈ ݀௜.	
Therefore,	at	moderate	strains,	the	overall	MMC	flow	strength	remains	independent	
of	the	grain	size	and	depends	only	on	the	inclusion	size	for	the	݀௚ ൐ ݀௜	cases,	but	shows	
a	 strong	 coupling	 between	 them	 for	 the	 	݀௚ ൑ ݀௜	 cases.	 The	 transition	 from	 an	
uncoupled	 to	 a	 coupled	 (interaction	 effect)	 behavior	 occurs	 at	݀௚ ൎ ݀௜.	 Our	 detailed	





Shear	modulus	of	matrix	(ߤ௠ሻ	 27 ൈ 10ଷ ܯܲܽ	
Burgers	vector	(ܾ) 0.25 ݊݉	
Strain	factor	(ܥሻ ~ 5 ൈ 10ଷ	 ‐	
	
Simulation results





















Equation 15Equation 2.27 
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2.5 Summary and Outlook 
In	this	chapter,	we	developed	an	 in‐house	UMAT	for	ABAQUS/	STANDARD®	finite	
element	 code	 that	 implements	 the	 MSGCP	 theory	 to	 investigate	 the	 length‐scale	
dependent	responses	of	MMC	architectures	under	thermal	and	mechanical	loading.	
We	 investigated	 the	 role	 of	 inclusion	 size	 and	 shape	 using	 unit	 cell	 model	
comprising	 a	 single	 inclusion	 embedded	 inside	 a	 single	 crystal	matrix.	 The	 simulation	
results	 showed	 the	 length‐scale	 dependent	 asymmetric	 responses	 under	 monotonic	
tension	and	 compression	 loading,	which	 are	 related	 to	 the	prior	 thermal	GND	density	
due	 to	 thermo‐elastic	 mismatch	 at	 the	 i‐m	 interfaces.	 The	 pre‐existing	 thermal	 GND	
density	was	shown	to	enhance	the	overall	MMC	hardening	behavior	in	both	tensile	and	
compressive	mechanical	 loading;	 however,	 the	 increase	 in	 hardening	 is	 higher	 in	 the	
case	of	tension.	
Systematic	 computational	 simulations	 on	 bare	 polycrystalline	 and	 MMC	
architectures	 were	 performed	 in	 order	 to	 isolate	 the	 contributions	 due	 to	 grain	 size,	
inclusion	 size	 and	 the	 interaction	 thereof.	 We	 showed	 that	 at	 moderate	 strains,	 the	
overall	MMC	flow	strength	remains	independent	of	the	grain	size	and	depends	only	on	
the	inclusion	size	for	the	݀௚ ൐ ݀௜	cases,	but	exhibits	a	strong	coupling	between	them	for	
the	 	݀௚ ൑ ݀௜	 cases.	 The	 transition	 from	 an	 uncoupled	 to	 a	 coupled	 (interaction	 effect)	
behavior	occurs	at	݀௚ ൎ ݀௜.	Based	on	the	notion	of	enhanced	dislocation	source	density,	
we	proposed	a	phenomenological	model	 that	quantifies	 their	 relationship	 as	 a	double	
Hall‐Petch	type	behavior.	Such	an	interaction	term	could	be	incorporated	within	length‐
scale	dependent	homogenized	approaches	to	account	for	the	interaction	effect.  
In	 this	 chapter,	we	mainly	 focused	on	 the	 short‐range	 interaction	 as	 arising	 from	











3 Length-scale Dependent Continuum Crystal 




geometric	 or	 microstructural	 length‐scales.	 However,	 there	 are	 compelling	
experimental	evidences	of	 strengthening	 in	nanostructured	materials	 compared	 to	
their	 coarse‐grained	 counterparts.	 Experiments	 on	 miniaturized	 specimens	 also	
suggest	 that	 the	 yield	 strength	 ceases	 to	 be	 a	 purely	 material	 parameter	 as	 the	
specimen	dimensions	approach	characteristic	microstructural	length‐scales	such	as	
grain	 size,	 cell‐wall	 spacing,	 dislocation	 spacing	 etc.	 At	 these	 length‐scales,	 the	
mechanisms	 of	 plasticity	 may	 be	 significantly	 altered	 giving	 rise	 to	 macroscopic	
phenomena	 such	 as	 strong	 strengthening	 and	 modified	 hardening	 that	 are	
intimately	tied	to	the	microstructural	and	macrostructural	details.	To	explain	some	
of	 the	 experimentally	 observed	 length‐scale	 effects,	 traditional	 continuum	
mechanics	of	plastic	deformation	is	augmented	with	a	variety	of	mechanisms	such	as	
strain	 gradients	 (Fleck	 and	 Hutchinson,	 1993),	 dislocation	 starvation,	 limited	
dislocation	 sources	 (Dehm,	 2009;	 Uchic	 et	 al.,	 2009)	 and	 so	 on.	 In	 practice,	 such	
effects	may	operate	 in	tandem	and	may	contribute	synergistically	or	compete	with	
each	other	 to	produce	overall	plastic	 responses.	Of	 the	different	mechanism‐based	
length‐scale	dependent	plasticity	theories,	nonlocal	approaches	incorporating	strain	
gradients	 have	 gained	 popularity.	 Such	 approaches	 invoke	 the	 existence	 of	 excess	
dislocations	 which	 are	 commonly	 referred	 to	 as	 the	 Geometrically	 Necessary	








scale	 dependent	 plastic	 behavior.	 In	 this	work,	we	 formulate	 a	 nonlocal	 approach	
based	on	continuum	dislocation	theory	that	augments	the	classical	crystal	plasticity	
theory	 with	 length‐scale	 dependent	 internal	 residual	 stresses.	 First,	 we	 briefly	
summarize	 some	 of	 the	 strain	 gradient	 plasticity	 theories	 with	 reference	 to	 their	
salient	features	incorporating	first	and	higher	gradients	of	strain.		
Fleck	 and	Hutchinson	 (1993)	 introduced	 higher‐order	 stresses	 corresponding	
to	 the	 first	 gradient	 of	 plastic	 strain	 in	 the	 classical	 plasticity	 theory	 to	model	 the	
length‐scale	 dependent	 responses	 in	 micro‐beam	 bending,	 torsion	 of	 micro‐wires	
and	 micro‐indentation.	 Gao	 and	 co‐workers	 (Gao,	 2001;	 Nix	 and	 Gao,	 1998)	
provided	a	physical	basis	 for	 the	microstructural	 length‐scale	 in	 their	Mechanism‐
Based	 Strain	 Gradient	 (MSG)	 plasticity	 theory	 that	 was	 based	 on	 the	 Taylor	
hardening	 model.	 Han	 and	 co‐workers	 (Han	 et	 al.,	 2005a,	 b)	 extended	 the	 MSG	
theory	 to	 crystal	 plasticity.	 These	 approaches,	 requiring	 higher‐order	 boundary	
conditions,	 have	 been	 further	 refined	 to	 include	 thermodynamically	 consistent	
descriptions	of	the	dislocation	density	(e.g.	(Abu	Al‐Rub	et	al.,	2007)).	On	the	other	
hand,	 lower	 order	 theories	 (Acharya	 and	 Bassani,	 2000;	 Huang	 et	 al.,	 2004;	 Shu,	
2001)	avoid	the	complicating	features	of	the	higher‐order	theories	by	neglecting	the	
higher‐order	 stresses	 in	 the	governing	equations.	Recently,	Evans	and	Hutchinson,	
(2009)	 compared	 the	 lower‐order	 and	higher‐order	gradient	 theories	 and	 showed	





Recent	 approaches	 based	on	 second	 gradients	 of	 plastic	 strains	 formulate	 the	
length‐scale	 dependent	 plasticity	 in	 a	 thermodynamically	 consistent	 manner	
(Bardella,	 2006,	 2008;	 Gurtin,	 2000,	 2002;	 Gurtin	 et	 al.,	 2007)	 ascribing	 their	
presence	 to	 the	 distribution	 of	 defects.	 These	 approaches	 predict	 enhanced	
strengthening,	 hardening	 and	 the	 internal	 stress	 (aka	 back‐stress)	 induced	
asymmetry	in	the	tension‐compression	cyclic	response	(the	Bauschinger	effect)	as	a	
function	 of	 microstructural	 parameters.	 Acharya	 and	 Roy	 (2006)	 developed	 a	
phenomenological	mesoscopic	 field	dislocation	mechanics	approach	(PMFDM)	 that	
accounts	for	GNDs	in	dissipative	and	energetic	aspects	based	on	incompatible	elastic	






edge	 dislocation	 density	 using	 a	 statistical‐mechanics	 approach.	 These	 different	
approaches	 provide	 a	 similar	 computational	 construct	 and	 may	 be	 interpreted	 in	
terms	of	each	other	(Kuroda	and	Tvergaard,	2006).	
In	this	chapter,	we	formulate	a	stress	function	based	approach	to	derive	length‐
scale	 dependent	 three‐dimensional	 (3D)	 internal	 residual	 stress	 tensor	 arise	 from	
long	 range	 interaction	 among	 GNDS	 in	 the	 non‐homogeneous	 spatial	 GND	
distribution	 density	 using	 continuum	 dislocation	 theory.	 Invoking	 the	 Beltrami	
stress	 function	 tensor	 ૎	Sadd,	 (2005),	 we	 systematically	 relate	 the	 length‐scale	
dependent	 internal	 residual	 stress	 tensor	܂∗	to	 the	gradient	of	 the	Nye	dislocation	
density	tensor	ۯ	via	the	constitutive	equations	for	a	bulk,	linear	elastic	solid.	This	3D	
internal	stress	tensor	that	automatically	includes	the	effects	of	both	edge	and	screw	




ensures	 its	 equilibrium	 and	 can	 naturally	 blend	 into	 the	 conventional	 equilibrium	




kinetics	 of	 crystallographic	 slip,	 expressed	 in	 a	 thermodynamically	 consistent	
manner	(Gurtin,	2002;	Kuroda	and	Tvergaard,	2008b).		
We	consider	two	bvp	involving	single	crystals	under	plane	strain	condition	with	
symmetric	 double	 slip,	 namely,	 (i)	 a	 tapered	 specimen	 under	 uniaxial	 loading	







As	 an	 illustration	 to	 distinguish	 between	 the	 length‐scale	 dependent	
mechanisms	 due	 to	 the	 GND	 density,	 we	 consider	 two	 examples	 of	 crystalline	




constant	 lattice	 curvature	 (Fleck	 and	 Hutchinson,	 1993).	 Noting	 the	 continuum	
description	 of	 GND	 used	 by	 Gurtin	 and	 coworkers	 (Cermellia	 and	 Gurtin,	 2000;	
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Gurtin,	 2002)	 and	Gao	 and	 coworkers	 (Han	 et	 al.,	 2005a;	Nix	 and	Gao,	 1998)	 (see	
appendix	 A)	 the	 non‐uniform	 strain	 along	 the	 ݔଶ	 axis	 results	 in	 a	 non‐zero	 GND	
density	 component	ܣଷଵ	 that	 is	 proportional	 to	 the	 curvature	ߢଵଷ	(Nye,	 1953)5.	
However,	at	any	section	along	the	ݔଵ	direction	the	curvature	is	a	constant	ሺൌ ߢሻ	and	
therefore,	the	GND	density	component	is	also	homogeneously	distributed	along	the	
ݔଵ	axes.	Consequently,	at	 any	continuum	point	 the	average	stress	 fields	due	 to	 the	
presence	 of	 the	 GNDs	 cancel	 out.	 In	 this	 problem,	 the	 size‐dependent	 hardening	
mechanism	is	related	to	the	presence	of	GND	density	and	corresponding	short	range	
interaction	between	SSGs	and	GNDs	which	is	the	dissipative	hardening	mechanism	
and	 corresponds	 to	 the	 first	 gradient	 of	 plastic	 strain	 (e.	 g.(Acharya	 and	 Bassani,	
2000;	Nix	and	Gao,	1998)).		
However,	 in	 the	second	case	(Figure	  3.1b)	 the	 lattice	curvature	varies	 linearly	
along	the	ݔଵ	direction	and	correspondingly,	the	GND	density	also	varies	linearly	(i.e.		
ܣଷଵ ൌ ܽݔଵ ൅ ܾ,	where	ܽ	and	ܾ	are	constants	 characterized	by	 the	applied	stimulus	
and	material	compliance).	As	demonstrated	later,	this	leads	to	two	contributions	to	
hardening,	 one	 purely	 due	 to	 the	 presence	 of	 the	 GND	 density	 similar	 to	 the	 first	
illustration	(short	range	dislocation	interaction)	and	an	additional	term	due	to	a	net	
internal	 stress	 that	 exists	 owing	 to	 its	 non‐homogeneous	 distribution,	 as	 their	
average	stress	fields	at	a	continuum	point	may	not	cancel	out	(long	range	interaction	
among	 GNDs).	 The	 resulting	 hardening	 is	 sometimes	 referred	 to	 as	 energetic	










Figure	  3.1.	 Examples	 illustrating	 the	 contributions	 of	 GND	 density	 to	 enhanced	
hardening	 in	 (a)	 pure	 beam	 bending	 ‐	 dissipative	 hardening,	 (b)	 non‐uniform	 bending	 ‐	
dissipative	and	energetic	hardening.	
In	 discrete	 dislocation	 plasticity,	 the	 internal	 stress	 enters	 the	 formulation	
through	 the	 Peach‐Koehler	 force	 acting	 on	 a	 dislocation	 (e.g.(Giessen	 and	
Needleman,	1995))		
	
ܘ௜ ൌ െܔ௜ ൈ ቌ܂௘௫௧ ൅ ෍܂௝∗
௝ஷ௜
ቍ ൈ ܊௜	 ( 3.1)	
where	 ܘ௜		 is	 the	 Peach‐Koehler	 force	 vector	 on	 ith	 dislocation,	 ܊௜	 is	 the	 	 Burgers	
vector	for	that	dislocation,	ܔ௜	is	its	unit	tangent	vector	and	܂௘௫௧	is	the	applied	stress.	
܂௝∗	is	the	internal	stress	field	from	the	 jth	on	the	ith	dislocation,	which	is	superposed	
over	all	dislocations.	While	 these	 length‐scale	dependent	 internal	stresses	may	not	
play	 a	 big	 role	 in	 the	 response	 of	 conventional	 bulk	 crystalline	 materials,	













film	 tension	 and	 cyclic	 bending	 experiments	 by	 Xiang	 and	 Vlassak,	 (2006)	 exhibit	
length‐scale	 mechanics	 of	 strengthening	 and	 the	 Bauschinger	 effect	 in	 passivated	
specimens	compared	to	the	unpassivated	ones.	In	this	case	the	passivation	layers	act	
as	hard	boundaries	that	obstruct	dislocations	escaping	through	the	surfaces,	leading	
to	 the	 accumulation	 of	 dislocations	 necessary	 to	 accommodate	 geometric	
incompatibilities.	 Very	 recently,	Kiener,	 et	 al.,	 (2010)	 experimentally	 observed	 the	
Bauschinger	effect	in	single	crystal	Cu	micro‐beams	under	cantilever	bending.	Even	
under	nominally	homogeneous	 loading	conditions	such	as	uniaxial	compression	or	






























3.3 Kinematics of Compatible and Incompatible 
Deformations 
In	continuum	mechanics	the	deformation	gradient	tensor	ሺ۴ሻ	is		
	 ۴ ൌ ۷ ൅ ۰ ( 3.2)
where	۰ ൌ સܝ	 is	 the	 total	 displacement	 gradient	 tensor.	Under	 small	 deformation	
and	 small	 strain	 assumptions,	 the	 total	 displacement	 gradient	 tensor	 ۰	 may	 be	
additively	decomposed	into	the	elastic	and	plastic	parts		
	 ۰ ൌ ۰௘ ൅ ۰௣ ( 3.3)6
Further,	we	have	
	 ۰ ൌ ૚૛ ሺ۰ ൅ ۰
்ሻᇣᇧᇧᇤᇧᇧᇥ
۳





Further,	 we	 assume	 additive	 decomposition	 of	 the	 elastic	 and	 plastic	 strains	 into	
their	compatible	and	incompatible	parts	7		
	 ۳௘ ൌ ۳஼௘ ൅ ۳ூ௘ ( 3.5)	
																																																													






and,	 ۳௣ ൌ ۳஼௣ ൅ ۳ூܘ	 ( 3.6)8	
The	incompatible	part	of	the	elastic	strain	tensor	۳ூ௘	may	be	obtained	from	the	
strain	 compatibility	 conditions.	 In	 the	 presence	 of	 internal	 defects	 such	 as	
dislocations	 the	 requirement	 of	 compatibility	 of	 the	 total	 strain	 introduces	 an	
incompatibility	tensor	ۼ	(Kröner,	1959)	
	 ۼ ൌ ݅݊ܿ ሺ۳ூ௘ሻ ൌ െ݅݊ܿ ൫۳ூ௣൯	 ( 3.7)	
where	 ߝ௞௡௜ߝ௟௠௝	ሺ∙ሻ௞௟,௡௠ ≝ ݅݊ܿ	ሺ∙ሻ௜௝.	 In	Eq.	 ( 3.7)	 the	 incompatibility	 tensor,	obtained	
as	 the	 second	gradient	of	 the	 elastic	 (or	plastic)	 strain	 tensor,	 is	 a	measure	of	 the	
deviation	of	 the	 elastic	 (or	 the	plastic)	 strains	 from	 their	 compatible	 counterparts	
due	to	the	presence	of	excess	dislocations	that	result	in	internal	stresses	in	addition	
to	those	due	to	the	applied	loads.		
3.3.1 Compatibility of Lattice Curvature:  
Under	 general	 loading	 conditions	 not	 only	 will	 the	 strains	 be	 non‐uniform	
(leading	 to	 a	 strain	 gradient),	 but	 the	 curvatures	 (i.e.	 first	 gradient	 of	 strain)	may	
also	vary	between	 two	material	points.	The	corresponding	 tensor	 is	 referred	 to	as	
the	 Nye	 tensor	 (Nye,	 1953).	 In	 what	 follows,	 we	 systematically	 relate	 the	







The	 total	 lattice	 curvature	 tensor	 ۹	is	 given	 as	 the	 gradient	 of	 the	 rotation	
vector	ܟ	ሺൌ ଵଶ	ߝ௜௝௞ ௜ܹ௝	ሻ		
	 ܭ௞௟ ൌ 12 ߝ௜௝௞ ௜ܹ௝,௟ ൌ
1
2 ߝ௜௝௞ݑ௜,௝௟	 ( 3.8)	
Noting	that	ଵଶ ߝ௜௝௞ݑ௟,௜௝ ൌ 0,	we	obtain			
	 ܭ௞௟ ൌ 12 ߝ௜௝௞൫ݑ௜,௟௝ ൅ ݑ௟.௜௝൯ ൌ ߝ௜௝௞ܧ௟௜,௝	 ( 3.9)	
For	convenience,	we	set	ܿݑݎ݈	ሺ. ሻ௞௟ ൌ ߝ௜௝௞ሺ. ሻ௟௜,௝.	Then	Eq.	( 3.9)	may	be	rewritten	as	
	 ۹ ൌ ܿݑݎ݈ ሺ۳ሻ 								( 3.10)
Again,	 in	 the	 presence	 of	 internal	 defects	 the	 total	 lattice	 curvature	 is	 still	
compatible;	 however,	 its	 elastic	 ሺ۹௘ሻ	 and	 plastic	 ሺ۹௣ሻ	 parts	 may	 individually	 be	
incompatible.	The	incompatible	part	of	۹௘	is	
	 ۹ூ௘ ൌ ܿݑݎ݈ሺ۳ூ௘ሻ 							( 3.11)9
The	compatibility	of	the	total	lattice	curvature	tensor	then	gives10	
	 ܿݑݎ݈ ሺ۹ூ௘ሻ ൌ െܿݑݎ݈ ሺ۹ூ௣ሻ	 							( 3.12)	
The	compatible	part	of	the	curvature	tensor	۹஼	may	be	considered	as	the	elastic	
lattice	 curvature	 due	 to	 the	 externally	 applied	 non‐uniform	 stress,	 while	 the	




10	The	compatibility	condition	for	the	curvature	tensor	is	ܿݑݎ݈	ሺ۹ሻ ൌ ૙. Then, ܿݑݎ݈ሺ۹௘ ൅





arising	 due	 to	 the	 presence	 of	 GND	 density	 (Nye,	 1953)	 while	 the	 incompatible	
elastic	curvature	tensor	۹ூ௘ 	is	the	additional	lattice	curvature	that	corresponds	to	the	
internal	 residual	 stress	 field	 due	 to	 the	 surrounding	 excess	 dislocation	 density.	
These	different	parts	of	the	total	lattice	curvature	may	be	explained	by	resorting	to	
the	two	illustrations	in	section	3.2.	In	the	pure	bending	case,	۹஼ୣ	and		۹ூ௣	represent	
the	elastic	 lattice	curvature	and	additional	 lattice	curvature	due	 to	 the	presence	of	
the	GND	density,	 respectively,	while	 the	۹௜௘	vanishes.	However,	 in	 the	non‐uniform	
curvature	example	the	lattice	curvature	due	to	the	atomic	misfit	۹ூ	includes	both	the	
elastic	and	plastic	parts.	Taking	the	curl	of	۹ூ௘,	we	obtain		
	 ܿݑݎ݈ ሺ۹௘ ሻ ൌ ݅݊ܿ ሺ۳ூ௘ሻ ൅ ݅݊ܿ ሺ۳஼௘ሻ
ൌ ݅݊ܿ ሺ۳ூ௘ሻ	
							( 3.13)	
Equation	 ( 3.13)	 establishes	 that	 the	 gradient	 of	 the	 incompatible	 elastic	
curvature	 tensor	 is	 non‐zero	 if	 a	nonlinear	 strain	 (or	 stress)	 field	 exists	due	 to	 an	
inhomogeneous	GND	density	distribution	in	a	given	region.		
3.3.2 Relation between Incompatible Elastic Strain Tensor and 
the GND Density Tensor:  
Nye	(1953)	defined	the	GND	density	tensor	ۯ	whose	components	are	related	to	
the	plastic	part	of	the	incompatible	lattice	curvature	tensor	(See	appendix	A)	
	 ۹ூ௣ ൌ െሺۯሻ் ൅
1
2 ݐݎሺۯሻ	 								( 3.14)	





	 ܿݑݎ݈൫۹ூ௣൯ ൌ െܿݑݎ݈ሺۯ்ሻ	 								( 3.15)	
Noting	 the	 compatibility	 conditions	 for	 the	 curvature	 [see	 Eq.	 ( 3.12)	 and	 Eq.	
( 3.13)],	 we	 obtain	 the	 relation	 between	 the	 incompatible	 elastic	 strain	 and	 GND	
density	tensors		
	 ܿݑݎ݈ሺۯ்ሻ ൌ ݅݊ܿ ሺ۳ூ௘ሻ	 							( 3.16)	
Since,	the	right	hand	side	of	Eq.	( 3.16)	is	symmetric	we	rewrite	this	equation	by	
considering	the	symmetric	part	of	the	left	hand	side	as	well	
	 ۼ ൌ ݅݊ܿ ሺ۳ூ௘ሻ ൌ ݏݕ݉ሺܿݑݎ݈ሺۯ்ሻሻ	 								( 3.17)	
i.e.	





3.4 Internal Stress Tensor: Stress Function Approach 
In	 the	 preceding	 section,	we	 introduced	 an	 incompatible	 elastic	 strain	 tensor	
۳௜௘	that	is	related	to	the	GND	density	tensor	[Eq.	( 3.17)].	Corresponding	to	this	strain	
tensor,	we	introduce	a	work‐conjugate	internal	stress	tensor	܂∗via	Hooke’s	law		





	 ܂ ൌ ԧ ∶ ۳௘ ൌ ԧ ∶ ሺ۳஼௘ ൅ ۳ூ௘ሻ ൌ ԧ ∶ ۳஼௘ᇣᇤᇥ
܂೐ೣ೟




	 ߝ௜௝௞ߝ௟௠௡ ൫ܵ௣௤௜௟ ௣ܶ௤∗ ൯,௝௠ ൌ െ
1




	 ௜ܶ௝∗ ൌ ߝ௞௡௜ߝ௟௠௝߮௞௟,௡௠ ൌ ݅݊ܿ ሺ૎ሻ 					( 3.22)11	
From	Eqs.	( 3.7)	and	( 3.22)	
	 ۼ ൌ ݅݊ܿ൫ॺ ∶ ݅݊ܿሺ૎ሻ൯	 								( 3.23)	
For	an	isotropic	medium,	ॺ	depends	only	on	the	shear	modulus	ߤ	and	Poisson’s	
ratio	ߥ.	Then,	Eq.	( 3.23)	simplifies	to	(Kröner,	1959)	
	 ۼ ൌ ׏ସૐ	 								( 3.24)	
where	 ߰௞௟ ൌ 12ߤ ቀ߮௞௟ െ
ߥ
1 ൅ 2ߥ ߮௠௠ߜ௞௟ቁ	 								( 3.25)	
A	 fully	 three‐dimensional	 solution	 of	 Eq.	 ( 3.24)	 for	 an	 infinite	 medium	 is	
obtained	using	Green’s	function	ܩሺܚ െ ܚᇱሻ	(Kröner,	1959)	




11	Eq.	 					( 3.22)	satisfies	stress	equilibrium	equation	because		݀݅ݒ ቀܿݑݎ݈	൫ܿݑݎ݈	ሺ∙ሻ൯ቁ ൌ 0	
90	
	
	 ܩሺ|ܚ െ ܚᇱ|ሻ ൌ െ |ܚ െ ܚ
ᇱ|
8ߨ 	 								( 3.27)	
where	ܩ	 is	 the	Green	 function	 that	depends	on	 the	dimensionality	of	 the	problem	
and	the	elastic	stiffness	of	the	material	(i.e.	isotropic	or	anisotropic).	Substituting	ۼ	
from	Eq.	( 3.17),	components	of	ૐ	are	
߰ሺܚሻ௞௟ ൌ 12 ߝ௟௠௡ න ܩሺ|ܚ െ ܚ
ᇱ|ሻܣሺܚᇱሻ௡௞,௠݀ܚ′3
௏ᇲ







	 ߰ሺܚሻ௞௟ ൌ 12 ߝ௠௡௟ න ܩሺ|ܚ െ ܚ
ᇱ|ሻ,௠ܣሺܚᇱሻ௡௞݀ܚ′3
௏ᇲ









܂∗ ൌ ݅݊ܿ ቆ2ߤ ቀૐ ൅ ߥ1 െ ߥ ሺݐݎૐሻ۷ቁቇ	


















the	 stress	 field	 due	 to	 the	GND	density	 at	 each	 point	 influences	 the	 stress	 field	 at	







point	 wherein	 the	 GND	 density	 distribution	 is	 accounted	 for	 (Evers	 et	 al.,	 2004;	
Gerken	 and	 Dawson,	 2008;	 Groma,	 1997;	 Mesarovic,	 2005).	 Using	 the	 Taylor	
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expansion	of	ۯሺܚᇱሻ	around	the	point	r	 in	 the	region	ܸ′	and	assuming	 that	only	 the	
first	gradient	of	this	series	is	important	(Groma,	2003),	we	obtain	
߰ሺܚሻ௞௟,௣௤ ൌ 12 ߝ௠௡௟ܣሺܚሻ௡௞,௥ න ሺݔ௥ െ ݔ௥
ᇱ ሻ ∙ ܩሺ|ܚ െ ܚᇱ|ሻ,௠௣௤݀ܚᇱଷ	
௏ᇱ
൅ 12 ߝ௠௡௞ܣሺܚሻ௡௟,௥ න ሺݔ௥ െ ݔ௥





which	defines	a	 length	 scale	 in	 the	problem	 that	 gives	nonlocal	܂∗(Eq.	3.32).	Note	
that	܂∗does	not	depend	on	ۯ	at	a	continuum	point,	but	only	on	 its	gradient.	Using	
the	 crystallographic	 definition	 of	ۯ ൌ 	∑ ሺ׏ߛఈ 	ൈ ܕఈሻ⊗ ܛఈఈ ,	 the	 resolved	
components	 of	 ܂∗	on	 a	 slip	 system	 ߙ	are	 obtained	 as	 the	 Laplacian	 of	 the	 plastic	
slip	ߛఈ.	For	a	slip	system	ߙ	the	contributions	from	other	slip	systems	to	its	internal	
stress	automatically	enters	the	formulation.	




strain.	 Assuming	 a	 plane	 strain	 condition	 in	 the	 ݖ‐direction,	 the	 only	 non‐zero	











	 ௫ܶ௫∗ ൌ 	߮௭௭,௬௬ ; ௬ܶ௬∗ ൌ ߮௭௭,௫௫ ; ௫ܶ௬∗ ൌ െ ߮௭௭,௫௬	 								( 3.34)	
where	߮௭௭	is	similar	to	an	Airy	stress	function.	The	out‐of‐plane	stresses	are	
	 ௭ܶ௫∗ ൌ ߮௭௫,௬௬ – ߮௭௬,௫௬ ; ௭ܶ௬∗ ൌ ߮௭௬,௫௫ െ ߮௭௫,௬௫	 							( 3.35)	
Equation	 ( 3.24)	 can	 be	 solved	 in	which	߰௭௭ ൌ ሺሺ1 െ ߥሻ/2ߤሻ߮௭௭	 	 and	 then,	 the	
internal	stress	components	are	
௫ܶ௫∗ ൌ 2ߤ1 െ ߥ ቈܣ௭௬,௫ න ݔ
ᇱ. ܩ,௬ᇲ௬ᇲ௫ᇲ݀ܽᇱ௦ ൅ ܣ௭௬,௬ න ݕ
ᇱ. ܩ,௬ᇲ௬ᇲ௫ᇲ݀ܽᇱ௦
െ ܣ௭௫,௫ න ݔᇱ. ܩ,௬ᇲ௬ᇲ௬ᇲ݀ܽᇱ௦ െ ܣ௭௫,௬ න ݕ
ᇱ. ܩ,௬ᇲ௬ᇲ௬ᇲ݀ܽᇱ௦ ቉	
௬ܶ௬∗ ൌ 2ߤ1 െ ߥ ቈܣ௭௬,௫ න ݔ
ᇱ. ܩ,௫ᇲ௫ᇲ௫ᇲ݀ܽᇱ௦ ൅ ܣ௭௬,௬ න ݕ
ᇱ. ܩ,௫ᇲ௫ᇲ௫ᇲ݀ܽᇱ௦
െ ܣ௭௫,௫ න ݔᇱ. ܩ,௫ᇲ௫ᇲ௬ᇲ݀ܽᇱ௦ െ ܣ௭௫,௬ න ݕ
ᇱ. ܩ,௫ᇲ௫ᇲ௬ᇲ݀ܽᇱ௦ ቉	
௫ܶ௬∗ ൌ െ 2ߤ1 െ ߥ ቈܣ௭௬,௫ න ݔ
ᇱ. ܩ,௫ᇲ௬ᇲ௫ᇲ݀ܽᇱ௦ ൅ ܣ௭௬,௬ න ݕ
ᇱ. ܩ,௫ᇲ௬ᇲ௫ᇲ݀ܽᇱ௦
െ ܣ௭௫,௫ න ݔᇱ. ܩ,௫ᇲ௬ᇲ௬ᇲ݀ܽᇱ௦ െ ܣ௭௫,௬ න ݕ
ᇱ. ܩ,௫ᇲ௬ᇲ௬ᇲ݀ܽᇱ௦ ቉	
( 3.36a‐c)	
where	 ܵ	is	 the	 integration	 area	 that	 defines	 a	 length‐scale.	 For	 the	 plane	 strain	
condition	the	appropriate	Green	function	is	(Kröner,	1959)	
	 ܩሺ|ܚ െ ܚᇱ|ሻ ൌ െ ሺܚ െ ܚ
ᇱሻሺܚ െ ܚᇱሻ








௫ܶ௫∗ ൌ 2ߤ1 െ ߥ ݈௕
ଶൣെ0.068ܣ௭௬,௫൅0.25ܣ௭௫,௬൧	
௬ܶ௬∗ ൌ 2ߤ1 െ ߥ ݈௕
ଶൣെ0.25ܣ௭௬,௫൅0.068ܣ௭௫,௬൧	




where	 	 ௫ܶ௫∗ , ௬ܶ௬∗ , ௭ܶ௭∗ 	ܽ݊݀	 ௫ܶ௬∗ 	 are	 the	 internal	 stress	 components	 due	 to	 edge	
dislocations,	while	those	due	to	the	screw	components	ሺ ௭ܶ௫∗ 	ܽ݊݀	 ௭ܶ௬∗ ሻ	are	zero.	When	
described	 in	 terms	 of	 the	 crystal	 plasticity	 framework	 the	 resolved	 internal	 shear	
stress	 ߬∗ሺఈሻ	due	 to	 Eqs.	 ( 3.38	 a‐d)	 on	 ߙ௧௛slip	 system	 is	 ߬∗ሺఈሻ ൌ ܛఈ ∙ ܂∗ܕఈ.	 These	
internal	 stresses	 bear	 close	 resemblance	 with	 those	 derived	 in	 the	 recent	 works	
(Geers	 et	 al.,	 2007;	 Gerken	 and	 Dawson,	 2008;	 Yefimov	 et	 al.,	 2004b).	 Note	 that	
gradients	in	the	dislocation	densities	may	prevail	in	single	crystal	specimens	due	to	
a	 variety	 of	 reasons	 including	 geometric	 imperfections	 (Uchic	 et	 al.,	 2009),	 small	
misorientations,	 fabrication‐induced	 defects	 (El‐Awady	 et	 al.,	 2009b)etc.	 In	
polycrystalline	materials,	changes	in	crystal	orientations	across	grain	boundaries	or	










specific	 problem,	 microstructural	 length‐scales	 may	 be	 related	 to,	 for	 example,	
average	spacing	of	obstacles	to	dislocation	motion	 in	the	 form	of	grain	boundaries	
(polycrystals),	 second‐phase	 particles	 (heterogeneous	 alloys	 and	 composites),	
dislocation	and	cell‐wall	arrangements	(single	crystals).	 In	other	words	the	 length‐
scale	 has	 to	 be	 determined	 by	 the	 microstructural	 details	 and	 may	 be	 problem‐




high	 dislocation	 density,	 e.g.	 Dao,	 et	 al.,	 2006;	 Lu,	 et	 al.,	 2009)	 to	 a	 few	 ߤ݉	(low	
dislocation	density,	e.g.	miniaturized	single	crystals)	and	the	length‐scale	itself	may	
evolve	 with	 deformation.	 In	 the	 next	 section,	 we	 briefly	 discuss	 the	 extension	 of	
current	stress	function	approach	to	account	for	elastic	anisotropy.	
3.4.2 Internal Stress with Elastic Anisotropy 




	 ݂ሺ׏ሻૐ ൌ ۼ 								( 3.39)
where	 ૐ	 is	 fourth‐order	 stress	 function	 tensor	 and	 ݂ሺ׏ሻ	 is	 a	 scalar	 sixth‐order	
differential	operator	which	is	given	by		






	 ૐሺܚሻ ൌ න ܩሺ|ܚ െ ܚᇱ|ሻ ۼሺܚᇱሻܸ݀
௏
	 								( 3.41)	
where	 ܩ	 is	 the	 appropriate	 Green	 function	 for	 the	 anisotropic	 case.	 For	 cubic	
symmetry,	the	Green	function	is	(Burger,	1939;	Kröner,	1953)	










3.5 Thermodynamically Consistent Visco-plastic 
Constitutive Law  
In	this	section,	we	derive	the	equilibrium	and	constitutive	equations	for	crystal	




3.5.1 First law of thermodynamics: Power Balance  
Given	a	virtual	displacement	field	࢛෥,	the	virtual	external	power	of	any	sub‐body	
of	volume	ܸ		bounded	by	surface	ܵ	is		
	 ෨ܲୣ ୶୲ ൌ න ܜሺܖሻ
ୗ
∙ ࢛෥ሶ ݀ܵ ൅ න ܎
௏
∙ ࢛෥ሶ ܸ݀	 								( 3.44)	
where	ܜሺܖሻ	is	the	traction	vector	on	a	plane	whose	unit	normal	is	ܖ	and	and	܎	is	the	
body	force	vector.	The	virtual	 internal	power	 in	the	 including	the	 internal	residual	
stress	is		
	 ෨ܲ୧୬୲ ൌ න ሺ܂௘௫௧ ൅ ܂∗ሻ ∙ ׏࢛෥ሶ
୚





∙ ࢛෥ሶ ݀ܵ ൅ න ܎
௏




	 න ሺܜሺܖሻ െ ሺ܂௘௫௧ ൅ ܂∗ሻܖሻ
ୗ







	 ܜሺܖሻ ൌ ሺ܂௘௫௧ ൅ ܂∗ሻܖ	 								( 3.48)	
and,	the	nonlocal	force	balance	is	
	 ݀݅ݒሺ܂௘௫௧ ൅ ܂∗ሻ ൅ ܎ ൌ 0	 								( 3.49)	
Note	that	from	Eq.	( 3.22),	݀݅ݒ	܂∗	is	always	equal	to	zero.	Then,	Eq.	( 3.49)	yields	
the	 classical	 force	 balance	 equation.	 Writing	 the	 plastic	 part	 of	 the	 total	 virtual	
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displacement	 gradient	 vector	 in	 terms	 of	 the	 crystal	 plasticity	 framework,	 in	 the	
absence	of	any	macroscopic	motion,	we	have		
	
׏ܝ෥ሶ ൌ ۰෩ሶ ௘ ൅෍ߛ෤ሶ ఈ
હ
ሺܛఈ ⨂ܕఈሻ ൌ ૙	 								( 3.50)	
and	the	principle	of	virtual	power	[see	Eq.	( 3.46)]	yields	
	 න ሺܜ∗ሺܖሻ െ ሺ܂∗ሻܖሻ
ୗ
∙ ࢛෥ሶ ݀ܵ







	 െ߬௘௫௧ఈ െ ߬∗ሺఈሻ ൅ ߬ఈ ൌ 0	 					( 3.52)12	
	 ܜ∗ሺܖሻ ൌ ܂∗ ∙ ܖ 								( 3.53)
where	 ߬௘௫௧ఈ ൌ ܛఈ ∙ ܂௘௫௧ܕఈ	 is	 the	 resolved	 shear	 stress	 due	 to	 external	 loads	 and	
ܜ∗ሺܖሻ	is	the	microscopic	traction	vector.		
3.5.2 Second law of thermodynamics: Power imbalance 
To	 derive	 the	 constitutive	 equation	 in	 the	 presence	 of	 the	 internal	 residual	









	 ܂ ∶ ۳ሶ െ ሶ߰ ൒ 0	 								( 3.54)	
where	߰	is		the	free	energy.		Noting	the	orthogonal	decomposition	of	the	total	strain	
tensor	(Mesarovic,	et	al.,	2010),	the	total	free	energy	may	be	decomposed	as	
	 ߰ ൌ ෠߰ሺ۳஼௘ሻ ൅ ෨߰ሺ۳ூ௘ሻ	 								( 3.55)	
where	 ෠߰	is	the	standard	elastic	strain	energy	corresponding	to	the	compatible	part	




܂௘௫௧ െ ߲߲߰۳஼௘ቇ ∙ ۳
ሶ ஼௘ ൅ ቆ܂∗ െ ߲߲߰۳ூ௘ቇ ∙ ۳
ሶ ூ௘ ൅෍ሺ߬௘௫௧ఈ ൅ ߬∗ఈሻߛሶ ఈ
ఈ
൒ 0	 								( 3.56)	
This	inequality	should	hold	for	all	choices	of		۳ሶ ஼௘ 	,	۳ሶ ூ௘	and	ߛሶ ఈ;	the	linearity	of		this	
inequality	 in	 ۳ሶ ஼௘ 	 and	۳ሶ ூ௘	 respectively	 provides	 the	 sufficient	 conditions	 for	
macroscopic	and	microscopic	energetic	constitutive	equations		
	 ܂௘௫௧ ൌ ߲߲߰۳஼௘ 	 								( 3.57)	
	 ܂∗ ൌ ߲߲߰۳ூ௘	 								( 3.58)	
and	from	the	inequality,	we	obtain	
	 ሺ߬௘௫௧ఈ ൅ ߬∗ሺఈሻሻߛሶ ఈ ൒ 0	 								( 3.59)	
A	 visco‐plastic	 constitutive	 law	 satisfying	 the	 inequality	 in	 Eq.	 (3.56)	 can	 be	
written	as			
	
















൅ ܂∗: ۳ሶ ூ௘ᇣᇤᇥ
ܑܚܚܑܞ܍ܚܛܑ܊ܔ܍	ܛܜܗܚ܍܌	ܘܗܟ܍ܚ







The	 first	 term	 in	 Eq.	 ( 3.61)	 represents	 the	 length‐scale	 independent	 stress	
power	 (reversible	 stored	 power)	 associated	 with	 externally	 applied	 loads.	 The	
second	 term	 is	 referred	 to	 as	 the	 length‐scale	 dependent	 energetic	 power	
(irreversible	stored	power)	as	 it	 is	associated	with	the	 internal	residual	stress	and	
incompatible	 elastic	 strain	 that	 will	 tend	 to	 reorganize	 the	 GND	 density	 from	 an	
energetically	 efficient	 configuration.	 The	 third	 term	 in	 Eq.	 ( 3.61)	 is	 the	 plastic	
dissipation	 due	 to	 the	 SSD	 (length‐scale	 independent)	 and	 GND	 (length‐scale	
dependent)	densities.		
Table	 )3‐1)‐)3‐3)	 summarize	 key	 expressions	 developed	 in	 the	 present	




Strain	decomposition	 ۳௘ ൌ ۳஼௘ ൅ ۳ூ௘	
Kinematic	relation	 ߝ௜௝௞ߝ௟௠௡ሺܧூ௘ሻ௜௟,௝௠ ൌ െ12 ൫ߝ௟௠௡ܣ௟௞,௠ ൅	ߝ௟௠௞ܣ௟௡,௠൯	
Local	force	balance	 ݀݅ݒሺ܂௘௫௧ሻ ൅ ܎ ൌ 0	







constitutive	law	 ܂ ൌ ۱ ∶ ۳஼௘	
Nonlocal	internal	











Unknown	parameters	 #	unknowns Governing	equations	 #	equations
܂௘௫௧	 6 ݀݅ݒሺ܂௘௫௧ ൅ ܂∗ሻ ൌ 0	 3
۳௘	 6 ሺ܂௘௫௧ ൅ ܂∗ሻ ൌ ۱ ∶ ۳௘	 6
۳௣	 6 ۳௣ ൌ ܧ௣ሺ܂௘௫௧, ܂∗, … ሻ	 6
ܝ	 3 ۳܍ ൅ ۳௣ ൌ ሺસܝሻ௦௬௠	 6
܂∗	 6 ܂∗ ൌ ܶ∗ሺܿݑݎ݈ ۯ,… ሻ	 6
Total	#	 27 Total	# 27
	





3.6.1 Tapered Single Crystal Specimen Subjected to Uniaxial 
Loading 
Figure	  3.4	shows	a	 tapered	single	crystal	of	 length	L	 in	plane	strain	condition	




൜ ݏଵ ൌ ሾsin ߠ, cos ߠ , 0ሿ,݉ଵ ൌ ሾെcos ߠ , 	sin ߠ , 0ሿ,	ݏଶ ൌ ሾെ sin ߠ, cos ߠ , 0ሿ,݉ଶ ൌ ሾെcos ߠ , െsin ߠ , 0ሿൠ	
	
Figure	  3.4.	 A	 tapered	 bar	 under	 uniaxial	 loading.	 Dashed	 tapered	 edges	 indicate	 that	
they	are	sufficiently	away	from	the	centerline	of	the	specimen	
Although	this	geometry	is	motivated	by	the	recent	micro‐pillar	experiments	on	
single	 crystals,	 there	 are	 important	 differences	 that	 are	 discussed	 briefly	 before	
proceeding	with	the	solution.	First,	the	actual	problem	is	essentially	3D,	whereas	we	
assume	a	plane	strain	condition.	Further,	as	mentioned	earlier,	the	present	approach	








We	 apply	 a	 uniaxial	 force	 F	 at	 the	 top	 and	 assume	 that	 at	 the	 base	 of	 the	
specimen	ሺݕ ൌ 0ሻ,	 	ߛఈሺ0ሻ ൌ 	ܿ݋݊ݏݐ	(specifically,	 zero,	 in	 this	 example)	 and	
׏γαሺ0ሻ ൌ 0	so	that	the	dislocations	are	free	to	move	into	the	base,	akin	to	a	micro‐
pillar.	The	only	non‐vanishing	stress	component	is	then	ߪ௬௬ ൌ ܨ ݓሺݕሻ⁄ ,	where	ݓ	ሺݕሻ	
is	 the	width	of	the	crystal	at	section	ݕ	that	changes	 linearly	from	 	ݓଵ	at	 the	 loaded	
edge	 to	 ݓଶ	at	 the	 constrained	 edge.	 Then,	 the	 resolved	 shear	 stress	 on	 each	 slip	
system	 is	 	 ߬ሺଵሻ ൌ െ߬ሺଶሻ ൌ ߪ௬௬ sin ߠ cos ߠ	 and	 the	 corresponding	 plastic	 slip	 is		
ߛଵ ൌ െߛଶ ൌ ̅ߛ		.	With	the	plastic	strain	tensor	۳௣ ൌ 	∑ ߛఈሺܛఈ 	⊗ܕఈሻ௦௬௠	ఈ the	plastic	
slip	gradient	is	׏̅ߛ ൌ ሺ0, ̅ߛ,௬, 0ሻ.	In	the	crystallographic	terms	the	GND	density	tensor	



























	 ௫ܶ௫∗ ൌ ߤ1 െ ߥ ∙ ݈௕
ଶܿݏ̅ߛ,௬௬	
௬ܶ௬∗ ൌ 0.27ߤ1 െ ߥ ∙ ݈௕
ଶܿݏ̅ߛ,௬௬	




	 ሺ߬∗ሻଵ ൌ െሺ߬∗ሻଶ ൌ െܦ݈௕ଶܿଶݏଶ̅ߛ,௬௬,	 								( 3.64)	
where	ൌ ଴.଻ଷఓଵିఔ 	 .	 Substituting	 Eqs.	 ( 3.62)	 and	 ( 3.64)	 into	 Eq.	 ( 3.60)	 and	 integrating	
with	respect	to	time,	we	obtain	
	
̅ߛఈ ൌ ߛ଴ఈ ተ
ተܿݏ
ܨ
ݓଶ െ ݓଶ െ ݓଵܮ ݕ
െ ܦ݈௕ଶܿଶݏଶ̅ߛ,௬௬







ݏ݅݃݊ሺ߬௧௢௧ఈ ሻ	 								( 3.65)	
Equation	 ( 3.65)	 is	 solved	 using	 the	 fourth‐order	 Runge‐Kutta	 method.	 The	
material	 and	 geometric	 parameters	 used	 are	 ߛ଴ఈ ൌ 0.01,	 ܥ௛ ൌ ݃଴ 5⁄ ,	 	 ܦ ൌ 1000݃଴,	
ߠ ൌ േ	45°,	 ݓଵ ൌ 0.2ܮ,ݓଶ ൌ 0.4ܮ,	 ݊ ൌ 10.	 The	 results	 for	 monotonic	 and	 cyclic	
loading	are	discussed	next.	
a.	Monotonic	loading:		






Figure	  3.5.	 Plastic	 slip	 ̅ߛ along	 bar	 axis	 y	 for	 various	 ratio	 of	 ߟ ൌ ܮ/݈௕	 for	 tapered	specimen	under	monotonic	tension	
With	 decreasing	 ߟ	the	 internal	 stress	 term	 in	Eq.	 ( 3.65)	 becomes	 increasingly	
dominant	 and	 provides	 a	 strong	 resistance	 to	 plastic	 slip.	 The	 increasing	 internal	
stress	with	decreasing	ߟ	tends	to	homogenize	the	plastic	slip	as	observed	from	the	
trend	of	the	plastic	slip	variation	with	decreasing	ߟ.	
Next,	 we	 highlight	 the	 relative	 influence	 of	 the	 two	 length‐scale	 dependent	
dissipative	hardening	mechanisms,	i.e.	the	dissipative	hardening	due	to	the	presence	
of	 GND	 (corresponding	 to	݈௚)	 and	 the	 one	 due	 to	 GND	 density	 gradient	
(corresponding	to	݈௕)	on	the	overall	response	of	the	crystal.	Figures	 3.6	a	and	b	show	
the	 normalized	 resolved	 shear	 stress	 on	 a	 slip	 system	 versus	 the	 magnitude	 of	
plastic	slip	at	ݕ ൌ ܮ	for	different	values	of	ߟ	and	ߚ		൬ൌ ௅௟೒൰	ratios.	Figure	 3.6a	shows	










Figure	  3.6.	 Resolved	 shear	 stress	 versus	 plastic	 slip	 at	 ݕ ൌ ܮ for	 tapered	 bar	 under	
monotonic	tension	for	various	ratios	(a) ߚ ൌ ܮ ݈௚⁄ ,	and	(b) ߟ ൌ ܮ ݈௕⁄ .	
However,	 this	 enhanced	 hardening	 effect	 is	 discernable	 only	when	 the	 slip	 is	
appreciably	 large,	well	 beyond	 the	 initial	 yield.	 In	 comparison,	 Figure	  3.6b	 shows	
that	the	internal	stress	significantly	influences	both	the	response	at	incipient	slip	as	
well	 as	 at	 relatively	 larger	 slip.	 That	 is,	 the	 length‐scale	 dependence	 due	 to	 the	
gradient	of	the	GND	density	has	a	stronger	influence	on	both	the	strengthening	and	


















































hardening	behavior	of	a	 crystal	 compared	 to	 that	 arising	 from	 the	presence	of	 the	
GND	density.	This	is	further	exacerbated	given	that	the	range	of	ߟ	ratios	considered	
here	 is	 relatively	 small	 compared	 to	 the	 range	 of	 ߚ	 ratios.	 Figure	  3.7	 signifies	 the	
influence	of	geometric	 imperfection	on	the	distribution	of	the	 internal	stress	along	
the	specimen	length.	The	larger	the	 initial	taper	the	more	non‐homogeneous	is	the	
GND	 density	 distribution	 that	 causes	 higher	 resolved	 internal	 shear	 stresses	 on	
individual	 slip	 systems.	 Consequently,	 the	 plastic	 slip	 on	 the	 slip	 systems	 would	
become	harder	giving	an	overall	plastically	stronger	response.	
The	 strong	 strengthening	 and	 hardening	 observed	 in	 this	 example	 is	
qualitatively	 similar	 to	 the	 specimen	 length‐scale	 dependent	 strengthening	
behaviors	 reported	 in	 some	 of	 the	 recent	 experiments	 on	 miniaturized	 single	
crystals	(e.g.(Frick	et	al.,	2008))	that	indicate	presence	of	the	GND	density.	While	the	
actual	 mechanisms	 of	 strengthening	 in	 such	 miniaturized	 experiments	 have	 not	
been	fully	unraveled,	the	results	from	the	present	work	correlate	qualitatively	with	
the	 experimentally	 observed	 size‐dependent	 plasticity	 in	 the	 presence	 of	 strong	
gradients	(Maaß	et	al.,	2009).		
	
Figure	  3.7.	 Distribution	 of	 normalized	 internal	 shear	 stress ቀ ఛത∗ఛത ቁ	 along	 the	 tapered	specimen	under	monotonic	tension	for	(a) ߣ ൌ 2.86°,	(b)	ߣ ൌ 5.71°.	ߟ ൌ 	50.	
Although	in	the	present	case	the	gradient	in	the	GND	density	is	due	to	specimen	
taper,	presence	of	fillets,	low	angle	boundaries	(Uchic	et	al.,	2009)	or	surface	damage	










effect	under	 cyclic	 loading.	 In	 the	present	work,	 the	 internal	 stress	 tensor	derived	




Figure	 3.8.	Resolved	shear	stress	versus	plastic	slip	at	ݕ ൌ ܮ for	tapered	bar	under	cyclic	
loading	(a)	ߟ ൌ 100,	(b)	ߟ ൌ 50.	
Figure	  3.8	 shows	 the	 resolved	 shear	 stress	 versus	 plastic	 slip	 curves	 at	 ݕ ൌ
ܮ	plotted	 for	 two	 different	 values	 of	ߟ.	We	 also	 include	 the	 response	 of	 the	 same	
























compression	 cycle.	 The	 disparity	 between	 the	 monotonic	 and	 cyclic	 responses	
increases	 with	 decreasing	ߟ	 giving	 a	 length‐scale	 dependent	 Bauschinger	 effect	
(Kiener	 et	 al.,	 2010;	 Xiang	and	Vlassak,	 2006).	However,	upon	 reverse	 loading	 the	
direction	of	the	resolved	shear	stress	due	to	external	 load	reverses,	but	that	of	the	
internal	 stress	 does	 not	 as	 the	 GND	 arrangement	 is	 unaffected.	 This	 causes	 the	
specimen	to	yield	at	a	smaller	load	in	the	reverse	loading.	The	hardening	behavior	is	
also	weaker	 in	 the	 reverse	 loading	 compared	 to	 the	 initial	 forward	 response.	 In	 a	
realistic	 scenario	 with	 more	 than	 two	 slip	 systems,	 one	 may	 observe	 stronger	
hardening	 due	 to	 latent	 hardening	 that	 may	 accentuate	 the	 Bauschinger	 effect	
(Bayley	 et	 al.,	 2006).	 Figure	  3.9	 shows	 that	 geometric	 imperfections	 strongly	
influence	 the	 Bauschinger	 effect	 and	 it	 increases	 with	 increasing	 degree	 of	
imperfection.	Such	an	asymmetric	response	cannot	be	predicted	solely	by	a	 theory	
that	does	not	account	for	the	effect	of	distribution	of	the	dislocation	density.	This	is	
true	 irrespective	 of	 the	 particular	 nature	 of	 the	 strain	 gradient	 theory	 (Xiang	 and	
Vlassak,	2006).	
(a)																																																							 											 						(b)	
Figure	  3.9.	 Resolved	 shear	 stress	 versus	 plastic	 slip	 at	 y=L	 for	 various	 tapered	 angle	
under	cyclic	loading	(ߟ=100)	(a) ߣ ൌ 2.86°,	(b)	ߣ ൌ 5.71°.	
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3.6.2 Single Crystal Lamella Subjected to Simple Shear 
In	 the	 previous	 problem,	 the	 internal	 stress	 appeared	 because	 of	 non‐
homogeneous	 distribution	 of	 the	 stress	 due	 to	 geometric	 imperfections.	 Here,	 we	
consider	the	 internal	stress	 in	a	specimen	with	no	geometric	non‐uniformities,	but	
due	 to	 the	 pile‐up	 of	 dislocations	 at	 impenetrable	 boundaries.	 Consider	 a	 layered	
crystal	 as	 shown	 in	 Figure	  3.10.	 We	 isolate	 a	 single	 layer	 from	 this	 crystal	 and	
assume	it	to	be	a	semi‐infinite	lamella	of	thickness	2ߣ	with	symmetric	double	planar	





	 ߛఈ ሺ0ሻ ൌ 0, ߛఈሺ2ߣሻ ൌ 0; ߙ ൌ 1,2 								( 3.66)	
These	 conditions	 ensure	 that	 no	plastic	 slip	 occurs	 along	 a	 slip	 system	 at	 the	
boundaries	 causing	dislocations	 to	 pile	up	 there.	 The	only	non‐zero	 component	of	
macroscopic	stress	 in	 this	problem	is	 ௬ܶ௫.	The	corresponding	resolved	shear	stress	
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and	plastic	slip	due	to	the	external	load	are,	respectively,	߬ଵ ൌ ߬ଶ ൌ െ߬̅ ൌ ௬ܶ௫ cos 2ߠ	
and	ߛଵ ൌ െߛଶ ൌ ̅ߛ,	where	ߠ	is	the	orientation	of	the	slip	systems	with	respect	to	the	










	 ሺ߬∗ሻଵ ൌ ሺ߬∗ሻଶ ൌ െ߬̅∗ ൌ െ0.136ߤ1 െ ߥ ݈௕
ଶݏଶ̅ߛ,௬௬ cos 2ߠ	 								( 3.67)	
and	the	corresponding	plastic	slip	is		
	
̅ߛఈ ൌ ߛ଴ఈ ተ
ተሺ ௬ܶ௫ െ 0.136ߤ1 െ ߥ ݈௕ଶݏଶ̅ߛ,௬௬ሻܿ݋ݏ2ߠ







ݏ݅݃݊ሺ߬௧௢௧ఈ ሻ	 								( 3.68)	





It	 is	 interesting	 to	 note	 that	 for	 the	 range	 of	 ߟ	values	 shown	 in	 the	 figure	 the	
strengthening	trend	compares	well	with	Hall‐Petch	behavior.		
For	 a	 given	 applied	 stress,	 Eq.	 ( 3.68)	 plastic	 slip	 variation	 along	 the	 lamella	
thickness	can	be	obtained,	subject	to	the	boundary	conditions	in	Eq.	( 3.66).	For	fixed	


















































The	 plastic	 slip	 away	 from	 the	 boundary	 reaches	 a	 constant	 value	
(Figure	  3.12a),	which	 corresponds	 to	 the	 absence	 of	 internal	 stress	 in	 that	 region	





further	 decrease	 in	 the	 lamella	 thickness	 ሺߟ ൏ 1ሻ	 the	 internal	 stress	 distribution	
within	 the	 lamella	 becomes	 nearly	 uniform	 (except	 at	 the	 boundary)	 and	 its	
magnitude	 tends	 to	 saturate.	 Figure	  3.12c	 captures	 this	 aspect	 clearly	 in	 that	 it	
shows	an	initial	strong	increase	in	the	normalized	internal	residual	shear	stress	as	ߟ	
decreases,	 but	 a	 tendency	 to	 saturate	 at	 very	 small	ߟ.	 Although	 not	 shown	 in	
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Figure	  3.12.	 (a)	Distribution	 of	 plastic	 slip	 ሺ̅ߛሻ on	 a	 slip	 system	as	 a	 function	 of	 ߟ for	
ߠ ൌ 90°	 versus	 distance	 normalized	 by	 lamella	 thickness ߣ	 (b)	 Normalized	 internal	






































internal	 residual	 stresses	 that	 arise	 due	 to	 the	 non‐homogeneous	 distribution	 of	
GND	 densities.	 The	 salient	 feature	 of	 this	 work	 is	 the	 analytical	 derivation	 of	 the	
length‐scale	dependent	3D	internal	stress	tensor	using	the	stress	function	approach.	
This	 second	 order	 internal	 stress	 tensor	 blends	 into	 the	 conventional	 equilibrium	
equations	and	boundary	conditions.	In	the	crystal	plasticity	framework,	the	internal	
stresses	appear	as	additional	resolved	shear	stresses	on	each	slip	system	alongside	
those	 due	 to	 the	 externally	 applied	 loads.	 The	 visco‐plastic	 constitutive	 law	 for	
crystallographic	 slip	 that	 includes	 this	 effect	 is	 presented	 in	 a	 thermodynamically	




The	analytical	 examples	highlight	 the	 importance	of	 the	 internal	 stress	on	 the	
size‐dependent	 strengthening	 and	 hardening	 in	 single	 crystals.	 Geometric	
imperfections	 can	 cause	 strong	 gradients	 in	 the	 GND	 density	 and	 lead	 to	 a	
strengthening	of	 the	overall	stress‐strain	response	 in	specimens	that	are	subjected	
to	nominally	uniaxial	macroscopic	 loads.	As	evident	 from	 the	 second	example,	 the	




derived	 here	 for	 internal	 stresses	 results	 bear	 close	 resemblance	 with	 the	
pioneering	 efforts	 of	 Groma	 and	 co‐workers	 that	 use	 a	 statistical	 approach	
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mimicking	 the	 collective	 behavior	 of	 dislocations	 (Groma,	 2003;	 Groma	 and	Bakó,	
1998;	Zaiser	et	al.,	2001).	Recent	versions	of	this	approach	by	Yefimov	et	al	(2004)	
have	 been	 developed	 for	 edge	 dislocations.	 The	 approach	 of	 Gerken	 and	 Dawson	
(2008)	again	restricts	its	focus	on	the	internal	stresses	due	to	edge	dislocations.	In	
their	theory,	the	average	internal	stress	fields	derived	from	Volterra	dislocations	are	
simplified	 assuming	 a	 bilinear	 variation	 of	 the	 GND	 density,	 but	 the	 motivation	
behind	 this	 choice	 is	 not	 obvious.	 Recently,	 Ertürk, et al (2009) presented a 
sophisticated	crystal	plasticity	approach	with	back	stresses	accounting	for	the	latent	
hardening	 effects	 due	 to	 both	 screw	 and	 edge	 GNDs.	 In	 comparison	 to	 these	
approaches,	 the	 present	 approach	 is	 based	 on	 a	 continuum	 theory	 of	 kinematic	
coarsening	and	also	includes	contributions	from	edge	and	screw	components	of	the	
GNDs.	 The	projection	 of	 the	 gradient	 of	 the	GND	density	 tensor	on	 to	 a	 given	 slip	
system	 leads	 to	 the	 contribution	 from	 other	 slip	 systems	 providing	 a	 latent	






It	 showed	 that	 internal	 stresses	 only	 present	 when	 GNDs	 are	 distributed	 non‐
uniformly	and	GND	density	gradient	present.	In	the	next	chapter,	we	will	account	for	
GNDs‐boundaries	 interaction	 in	the	 finite	region.	 It	shows	that	even	 in	presence	of	




4 A Crystal Plasticity Analysis of Length-scale 
Dependent Internal Stresses with Image 
Effects  
4.1 Introduction 
Internal	 stresses	 arise	 in	 crystalline	 metals	 due	 to	 ensembles	 of	 geometrically	
necessary	dislocations	(GNDs)	that	accommodate	lattice	incompatibilities.	An	important	
macroscopic	 consequence	 of	 these	 internal	 stresses	 is	 that	 they	 produce	 length‐scale	
dependent	strengthening	under	 forward	loading	and	kinematic	hardening	under	cyclic	
loading	 with	 decreasing	 microstructural	 and/	 or	 specimen	 sizes	 (Kiener	 et	 al.,	 2010;	
Motz	et	al.,	2005).	These	internal	stresses	appear	because	of	the	long‐range	dislocation‐




continuum	 approaches,	 e.g.	 crystal	 plasticity,	 rely	 on	 augmenting	 the	 traditional	
kinematics	 and	 kinetics	with	 additional	 length‐scale	 dependent	 features.	 A	 continuum	
crystal	 plasticity	 description	 of	 the	 internal	 stress	 due	 to	 long‐range	 GND‐GND	
interaction	appears	as	the	 first	gradient	of	the	GND	density	ߩ௚௡ௗ	with	respect	to	a	slip	
direction	 (Evers	 et	 al.,	 2004;	 Gerken	 and	 Dawson,	 2008;	 Gurtin,	 2002;	 Kuroda	 and	
Tvergaard,	 2008b).	 A	 natural	 requirement	 of	 this	 result	 is	 that	 the	 GND	 density	ߩ௚௡ௗ	
should	be	spatially	non‐uniform.	Indeed	in	many	cases,	ߩ௚௡ௗ	varies	along	slip	direction	






case	 of	 pure	 bending	 results	 in	 ߩ௚௡ௗ	also	 being	 constant	 (Han	 et	 al.,	 2005b).	 From	 a	
physical	 viewpoint	 however,	 internal	 stresses	 should	 exist	 even	 under	 uniform	
curvature	 conditions	or	 even	under	homogeneous	 loading	 (Guruprasad	 and	Benzerga,	
2008),	because	of	 the	additional	 long‐range	GND‐surface	 interactions.	These	enhanced	
interactions	 are	 automatically	 resolved	 in	 a	high	 resolution	 approach	 such	as	MD	and	
are	also	modeled	in	DD	 frameworks	through	appropriate	corrective	traction	boundary	
conditions	 (Cleveringa	 et	 al.,	 1999;	 Hou	 et	 al.,	 2008;	Motz	 et	 al.,	 2008;	 Yefimov	 et	 al.,	
2004a).	 To	 our	 knowledge	 most	 length‐scale	 dependent	 continuum	 crystal	 plasticity	
frameworks	with	 internal	 stresses	 do	not	 explicitly	 discuss	 image	 stress	 fields	 arising	
from	the	long‐range	elastic	interactions	between	the	GNDs	and	free	surfaces.	(Bayley	et	
al.,	 2006;	 Evers	 et	 al.,	 2004;	 Gerken	 and	 Dawson,	 2008;	 Gurtin,	 2002;	 Kuroda	 and	
Tvergaard,	2008).	Recently,	Vinogradov	and	Willis	(2008)	and	Cherednichenko	(2010)	
derived	 a	 continuum	 crystal	 plasticity	 framework	 incorporating	 image	 stress	 fields	
using	 statistical	 mechanics	 based	 approach	 (Groma,	 1997).	 They	 provided	 explicit	
solutions	for	image	stresses	in	a	strip	under	simple	shear	due	to	the	presence	of	a	hard	
boundary	 (causing	 dislocation	 pile	 up)	 rather	 than	 a	 traction‐free	 boundary.	
Thermodynamically‐based	 frameworks	 developed	 by	 Gurtin	 (2002)	 and	 Mesarovic	




through	 higher‐order	 traction	 b.c.	 that	 can	 be	 adopted	 for	 traction‐free	 surfaces.	 This	
micro‐traction	 b.c.	 is	 sometimes	 reinterpreted	 in	 an	 equivalent	 null	 edge	 and	 screw	







Giessen	 and	Needleman,	 1995;	 Yan	 et	 al.,	 2004)),	 superposition	 of	 image	 stress	 fields	
due	 to	 dislocation	 ensembles	 described	 by	 a	 continuum	 density	measure	 would	 be	 a	
natural	 way	 to	 satisfy	 the	 b.c.’s	 at	 free	 surfaces.	 There	 are	 some	 classic	 studies	 on	
obtaining	 image	stress	 fields	arising	 from	a	single	dislocation	hosted	 in	a	semi‐infinite	
medium(Jagannadham	 and	 Marcinkowski,	 1979;	 Lubarda	 and	 Kouris,	 1996b),	 in	 the	
proximity	of	a	bi‐material	interface	(Chou	et	al.,	1975;	Jagannadham	and	Marcinkowski,	
1980;	Lubarda	and	Kouris,	1996a)	and	in	a	thin	strip	with	two	free	surfaces	(Fotuhi	and	






between	a	GND	density	 field	ۯ	and	bounding	 free	 surfaces	of	 the	 specimen	 that	hosts	
this	GND	field.	The	approach	expands	on	our	previous	work	(chapter	3)	by	introducing	a	
generalized	 stress	 function	 that	 now	 incorporates	 appropriate	 boundary	 corrections	










Green’s	 function	 (chapter	 3)	 and	 the	 resulting	 stress	 fields	 are	 akin	 to	 the	 Volterra	
solution	as	applied	to	finite	spatial	extent	of	the	GND	density	in	an	infinite	medium.	The	
solution	 to	 (ii)	 is	 incorporated	 by	 writing	 an	 available	 stress	 function	 for	 a	 single	














	 ܂ ൌ ۱ ∶ ۳௘ ൌ ۱ ∶ ሺ۳஼௘ ൅ ۳ூ௘ሻ ൌ ۱ ∶ ۳஼௘ᇣᇤᇥ
܂೐ೣ೟




lattice	 stretching	 due	 to	 external	 loading,	 ۳ூ௘	is	 the	 incompatible	 elastic	 strain	 tensor	
arising	from	internal	stress	due	to	distributed	defects	and	۱	is	the	 fourth‐order	elastic	
stiffness	 tensor.	 Internal	 stresses	 arise	 from	 the	 presence	 of	 defects	 that	 could	 span	
several	 orders	 of	 length‐scales.	 One	 of	 the	 common	 sources	 of	 these	 internal	 residual	
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stresses	 is	 the	 presence	 of	 ensembles	 of	 excess	 dislocations	 (GNDs)	 and	 the	 relevant	
resolution	 is	 sometimes	 referred	 to	 as	 a	mesoscopic	 continuum	 (Zaiser	 and	 Seeger,	
2002).	 At	 this	 length‐scale,	 it	 is	 appropriate	 to	 describe	 GNDs	 by	 equivalent	 density	
fields	that	could	vary	spatially.	It	has	been	well‐established	that	these	internal	stresses	
occur	 due	 to	 the	 long‐range	 dislocation‐dislocation	 and	 dislocation‐interface	 elastic	
interactions	(Hull	and	Bacon,	2001;	Mughrabi,	1983;	Zaiser	and	Seeger,	2002).	A	special	
case	of	 the	 latter	 is	 the	dislocation‐	 free	 surface	 interaction,	which	 is	 the	 focus	of	 this	
work.		
	 	The	 incompatible	 part	 of	 elastic	 strain	 ۳ூ௘	is	 given	 by	 the	 incompatibility	
condition	(chapter	3),	
	
ۼ ൌ ܿݑݎ݈ ܿݑݎ݈ ሺ۳ூ௘ሻ ൌ െܿݑݎ݈ ሺۯሻ௦௬௠௠ ( 4.2)
where	N	 is	 incompatibility	 tensor	 (Kröner,	 1959)	 and	A	 is	 the	 GND	 density	 tensor14.	
Then,	from	Eq.	(4.1)	and	(4.2)	can	be	written	as	
ܿݑݎ݈	ܿݑݎ݈ ൫ԧି૚ ∶ ܂∗൯ ൌ െܿݑݎ݈ ሺۯሻ௦௬௠௠ ( 4.3)
A	 solution	 to	 Eq.	 (4.3)	 in	 terms	 of	 the	 internal	 stresses	 arising	 from	 ۯ	may	 be	
obtained	 by	 introducing	 a	 second‐order	 Beltrami	 stress	 function	 tensor	ૐ	 (Kröner,	
1959)	














	 ௜ܶ௝∗ ൌ ߝ௞௣௜ߝ௟௤௝ ቂ2ߤ ቀ߰௞௟,௣௤ ൅
ߥ
1 െ ߥ ߰௠௠,௣௤ߜ௞௟ቁቃ	




The	 elastic	 Green’s	 function	 G	 in	 Eq.	 (4.4)	 depends	 on	 the	 dimensionality	 and	
geometry	of	 the	problem	and	may	 include	appropriate	terms	accounting	 for	particular	
boundary	conditions.	 	Kröner	 (1959)	proposed	a	 solution	based	on	a	Green’s	 function	
for	an	elastic	infinite	medium,	which	gives	internal	stress	fields	due	to	GND	density	that	
do	 not	 account	 for	 image	 effects.	 However,	 in	 systems	 with	 finite	 boundaries	 these	
internal	 stresses	 need	 a	 correction	 in	 order	 to	 properly	 account	 for	 the	 long	 range	
dislocation‐boundary	interaction.	It	is	this	latter	correction	termed	as	image	stress	that	
is	a	focus	of	this	work.	
To	 incorporate	 the	 image	 stresses	 due	 to	 dislocation‐boundary	 interaction	 using	
GND	 density	 fields,	 the	 internal	 stress	 tensor	 in	 Eq.	 (4.1)	 may	 be	 conceptually	
decomposed	as		
	
܂∗ ൌ ܂෩ ൅ ܂෡ ( 4.5)
Figure	4.1	illustrates	this	conceptually	for	a	body	whose	boundary	is	a	free	surface.	
The	 full	 problem	 (Fig.	 4.1a)	 comprises	 a	 body	ࣜ	 bounded	 by	 a	 finite	 boundary	ߗ	
subjected	to	external	tractions	࢚௔௣௣.	It	is	assumed	that	ࣜ	hosts	a	smoothly	varying	GND	






further	 considered	 to	 be	 a	 superposition	 of	 two	 sub‐problems:	 (ii‐a)	 internal	 stress	
field	܂෩	in	a	dislocated	body	ࣜ	embedded	within	an	infinite	medium	ࣜஶ	that	gives	rise	to	
a	 spurious	 tractions	 ࢚ௗ௜௦	(Fig.	 4.1d),	 and	 (ii‐b)	 internal	 stress	 fields	 ܂෡	produced	 by	
application	 of	 equal	 and	 opposite	 tractions	 at	 the	 boundary	 ߗ	 to	 eliminate	 ࢚ௗ௜௦	 (Fig.	
4.1e).		
	






















In	 accordance	 with	 the	 foregoing	 decomposition,	 here	 ܂෩	is	 calculated	 using	 the	
elastic	 Green’s	 function	 ܩ෨	 in	 the	 presence	 of	 defects	 (chapter	 3)	 providing	 non‐local	
stress	 fields	 due	 to	 GND	 density	 in	 an	 infinite	medium,	 while	 the	 additional	 stress	 ܂෡	








curved	boundary.	However,	kernel	 functions	have	been	derived	 for	some	 fundamental	
cases	 accounting	 for	 finiteness	 of	 domains.	 Some	 of	 the	 examples	 involving	 single	
dislocations	 or	 dislocation	 arrays	 include	 geometries	 such	 as	 	 an	 elastic	 half‐space	
(Head,	1953;	 Jagannadham	and	Marcinkowski,	1978;	Lee	and	Dundurs,	1973;	Lubarda	
and	 Kouris,	 1996b;	 Ma	 and	 Lin,	 2001)	 an	 infinitely	 long	 strip	 with	 two	 parallel	 free	
surfaces	 (Fotuhi	 and	 Fariborz,	 2008;	 Moss	 and	 Hoover,	 1978;	 Nabarro,	 1978)	 ,	 a	
straight,	 rigid	 interface	 separating	 two	 dissimilar	 half‐spaces	 (Chou	 et	 al.,	 1975;	
Jagannadham	 and	 Marcinkowski,	 1980).	 These	 kernel	 functions	 aim	 at	 providing	
fundamental	 solutions	 based	 on	 discrete	 dislocations	 to	 the	 problems	 of	 image	 fields,	
but	 may	 differ	 based	 on	 the	 conceptual	 appeal	 (e.g.	 image	 dislocation	 versus	 surface	
dislocations).	In	writing	appropriate	corrective	stresses	based	on	a	continuum	analog	of	
dislocations	 (i.e.	dislocation	density),	 it	 is	possible	 to	use	 these	 fundamental	 solutions.	
The	model	problem	discussed	in	this	work	is	that	of	pure	bending	of	a	thin	film,	which	is	
represented	 by	 a	 constant	 GND	 density	 tensor	ۯ	 and	 the	 corrective	 stress	 field	 ܂෡	is	
obtained	 by	 extending	 the	 basic	 construct	 developed	 by	 Fotuhi	 and	 Fariborz	 (2008)	







4.3 Single Crystal Specimen under Plane-Strain Pure 
Bending: Role of Free Surfaces 
This	 section	presents	 an	analytical	 formulation	 for	 the	non‐local	 internal	 stresses	
arising	from	GND	density	distribution	including	the	effect	of	bounding	surfaces	through	
image	stress	fields.	As	mentioned	in	the	preceding	section,	this	is	achieved	by	using	the	
kernel	 functions	 derived	 by	 Fariborz	 and	 Fotuhi	 (2008)	 for	 a	 single	 dislocation	 in	 a	
bounded	isotropic	medium	(Appendix	A).	We	illustrate	the	problem	as	follows:	consider	
an	infinite	domain	of	a	crystal	with	a	uniform	GND	density	field	ۯ.	A	discrete	equivalent	




individual	dislocation	appears	 to	be	at	 the	 center	of	 the	GND	array	 and	 the	 individual	
stress	fields	cancel	each	other	when	integrated	(Eq.	(4.4)).	On	the	other	hand,	if	a	part	of	
such	 a	 defective	 (dislocated)	 region	 is	 embedded	 in	 a	 pristine	 (i.e.	 dislocation‐free)	
material	 of	 same	 or	 different	 elastic	 properties,	 or	 is	 simply	 removed	 from	 the	 host	
material,	 a	 net	 internal	 stress	 must	 exist	 due	 to	 (a)	 finite	 spatial	 extent	 of	 the	 GND	
density,	 and	 (b)	 additional	LRI	between	 the	GNDs	and	 the	boundaries.	 In	 the	extreme	
situation	of	the	region	bounded	by	free	surfaces,	such	a	structure	would	represent	a	thin	
film	 that	has	been	 subjected	 to	a	uniform	plastic	 curvature	 (Fig.	 4.2).	The	 extent	over	
which	 the	 internal	 stress	 is	 felt	 away	 from	 the	 free	 boundaries	 should	 depend	 on	 the	
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internal	 length‐scale	 corresponding	 to	 the	 long‐range	 dislocation	 stress	 fields	 and	 the	
specimen	dimensions.		
	
Figure	  4.2.	 Schematic	 showing	 effective	 GND	 arrangement	 in	 a	 specimen	 under	 uniform	




௫ܶ௫∗ ൌ 	ඵ൫ܣ௭௫χ	෥௬௬௬ െ ܣ௭௬χ෤௫௬௬൯݀ߟ݀ߦᇣᇧᇧᇧᇧᇧᇧᇧᇧᇧᇤᇧᇧᇧᇧᇧᇧᇧᇧᇧᇥ
෨்ೣ ೣ
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are	 the	kernel	 functions	 representing	 the	 stress	 fields	of	 an	edge	dislocation	with	unit	
Burgers	vector	in	an	infinite		medium	and	its	corresponding	correction	due	to	traction‐
free	 boundaries,	 respectively	 (given	 in	 Appendix	 A).	 In	 Eq.	 (4.6),	 while	 the	൫	̃൯	field	 is	












Without	 losing	 the	 essential	 features	 in	 Eq.	 (4.6),	 we	 consider	 a	 thin	 film	 with	
uniform	 GND	 density	 subjected	 to	 external	 bending	 moment	 under	 plane	 strain	
condition	 as	 a	 model	 problem.	 Consider	 a	 structure	 of	 length	 2݈	(ݔ െdirection)	 and	
thickness	 ݐ ൌ 2݄	 (ݕ െdirection)	 with	 a	 plane‐strain	 condition	 in	 the	 z	 –direction.	
Assume	 that	 the	 structure	 is	 subjected	 to	 pure	 bending	 in	 the	ݔ െ ݕ	plane	 (Fig.	 4.2).	
The	ݔ െaxis	 lies	 at	 the	 neutral	 plane	 and	 the	ݕ െcoordinate	 is	 measured	 from	 this	
neutral	 plane.	 A	 typical	 point	ܲ	in	 the	 continuum	 is	 located	 at	ݔ௉, ݕ௣	 from	 the	 neutral	
plane	 and	 carries	 a	 local	 coordinate	 system	ሺߦ௉, ߟ௉ሻ	with	 it.	 Further,	 the	 structure	 is	
assumed	to	be	sufficiently	long	so	that	the	ݔ	end	faces	(i.e.	loaded	faces)	and	the	out‐of‐
plane	 faces	 do	 not	 contribute	 to	 image	 stress	 fields.	 The	 ݕ	 end	 faces	 constitute	 the	
thickness	ݐ	 of	 the	 structure.	 Since	 the	 structure	 is	 under	 pure	 bending,	 the	 in‐plane	
internal	shear	stress	 ௫ܶ௬∗ 	must	be	zero	and	only	the	normal	components	of	the	internal	
stress	tensor	(Eq.	(4.6))	exist.	Assuming	that	the	radius	of	curvature	of	the	structure	is	













uniform	 GND	 density	 the	 surfaces	 would	 influence	 regions	 only	 in	 its	 proximity	|݄ െ
݈௖| 	൑ |ݕ| ൑ |݄|.15	Therefore,	in	presence	of	uniform	distribution	of	GNDs,	 ෨ܶ௫௫	only	felt	in	
a	thin	surface	layer	with	thickness	of	݈௖	due	to	the	finiteness	of	dislocation	distribution.	
Similarly	 ෠ܶ௫௫	significantly	influence	the	internal	stress	in	the	surface	layer	due	to	image	
effect.	 Therefore,	 overall	 the	 internal	 stress	 variation	 remain	 zero	 away	 the	 neutral	
plane	 before	 becoming	 non‐zero	 closer	 to	 the	 surfaces.	 Note	 that	 image	 field	 ෠ܶ௫௫	 has	
small	 contribution	 in	 region	|ݕ| ൑ 	 |݄ െ ݈௖|.	 ).	 Each	 component	 of	 internal	 stresses	 is	
depicted	in	Figure	 4.3	for	ܮ ൌ 0.2.	
	

































The	overall	 internal	stress	variation	across	beam	thickness	 is	shown	in	Figure	  4.4	
for	different	value	of	 ܮ.	 It	 can	be	 seen	 that	 internal	 stress	 decrease	with	decreasing	ܮ	
which	means	 increasing	specimen	thickness	where	 ݈௖	 is	constant.	 In	 the	current	work,	
the	 internal	 stress	 arises	 from	 interaction	 of	 GNDs	 among	 themselves	 and	 with	 free	











not	 explicitly	 considered	 in	 this	 group	 of	 higher	 order	 theories	 and	 so	 they	 are	 not	






















boundaries	 effect	 and	 corresponding	 image	 effect	 have	 to	 be	 considered.	As	 such,	 the	
effect	 of	 the	 internal	 stress	 on	 the	 overall	 response	 may	 be	 negligibly	 small.	 Very	








we	perform	the	 integration	 (Eq.	 (4.6))	 in	 the	ߟ	direction	over	 the	entire	 thicknessݐ.	As	
for	the	ߦ െ	direction,	at	least	in	the	present	scenario	of	݈ ≫ ݄,	it	would	be	reasonable	to	
assume	that	݈௖ 	≪ ݈.	Therefore,	in	the	ߦ െ	direction,	we	may	restrict	our	attention	over	a	
distance	݈௖	on	either	sides	of	a	typical	point	ܲ	(fig	4.2).	As	shown	later,	݈௖	may	be	related	









increases.	 In	 this	 paper,	 the	 GND	 density	 is	 assumed	 to	 be	 uniform	 over	 entire	 beam	
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structure.	 Specializing	Eq.	 (4.6)	 for	pure	bending,	we	obtain	after	 re‐arrangement	and	
normalization	































where	ܻ ൌ ݕ ݄⁄ ,	ܯ ൌ ߦ ݄⁄ ,	ܰ ൌ ߟ ݄⁄ 	and	ܮ ൌ ݈௖ ݄⁄ .		
Since	 ෤߯௬௬௫	 and	 ො߯௬௬௫	 are	 odd	 functions	 of	 ܯ	 (see	 Appendix	 A),	 ௫ܶ௬∗ 	 vanishes	
automatically	 and	 consistently	 satisfies	 the	 shear	 traction	 boundary	 condition	
at	ݕ ൌ 	േ݄.	A	similar	condition	for	 ௬ܶ௬∗ 	requires	that	it	must	also	vanish	at	ݕ ൌ േ݄.	From	
Eqs.	(4.7b),	the	൫	̃൯	and	൫	̂൯	components	of	 ௬ܶ௬∗ 	are	
	 ෨ܶ௬௬ ൌ ߤܣ௭௫݄න න 12ߨሺ1 െ ߥሻ ቆ
ܰሺܯଶ െ ܰଶሻ





















non‐dimensional	 spatial	 frequency	 coefficient	 that	 appears	 in	 the	 complex	 Fourier	
transform	 solution	 of	 the	 ሺ.̂ ሻ	 stress	 function	 (Fotuhi	 and	Fariborz,	 2008).	Appendix	A	
gives	detailed	account	of	the	functions		involved	in	Eqs.	4.8b	and	4.9b.	Figure	4.5	shows	
the	variation	of	߁෨௬௬	and	߁෠௬௬	over	the	beam	thickness.	It	can	be	seen	through	these	plots	
that	not	only	does	 	 ௬ܶ௬∗ 	vanish	at	the	boundaries,	 it	also	vanishes	over	the	entire	beam	






the	 uniform	 GND	 density	 distribution.	 From	 Eqs.	 (4.8),	 the	൫	̃൯	 and	൫	̂൯	 components	
of	 ௫ܶ௫∗ 	read	as	follows	
	 ෨ܶ௫௫ ൌ െߤܣ௭௫݄න න 12ߨሺ1 െ ߥሻ ቆ
ܰሺ3ܯଶ ൅ ܰଶሻ





















is	 independent	of	 the	spatial	coordinates	 for	 the	present	problem.	 In	general,	 the	GND	
density	components	should	be	retained	inside	the	integral	if	they	vary	spatially.	In	that	
case,	 the	 internal	 stresses	 would	 also	 be	 induced	 by	 smooth	 spatial	 GND	 density	
gradients.		
	
Figure	  4.5.	 	 Variation	 of	non‐dimensional	 stresses	 in	࢟	 direction	 (߁෨௬௬	 and	߁෠௬௬)	 over	beam	
thickness	 for	 a	 given	 normalized	 internal	 length‐scale	 ܮሺൌ 10ሻ	 (Eq.	 4.8a,b).	 Note	 that	 the	
components	are	equal	and	opposite	resulting	in	overall	 ௬ܶ௬∗ ൌ 0.	




























Volterra‐based	 result	 for	 a	 two‐dimensional	 array	 of	 GNDs	 distributed	 over	 ݄	 ൈ 2݈௖	
embedded	in	an	elastically	isotropic	medium.	Thus,	 internal	stress	exists	in	this	region	
that	 is	delineated	by	 the	 finite	extent	of	 the	GND	density	 field	embedded	 in	a	medium	
(Eq.	 4.9a).	 It	 is	 further	modulated	 by	 the	 image	 stress	 fields	 due	 to	 dislocation	 ‐	 free	
surface	interactions	by	the	additional	term	(Eq.	4.9b).	Equation	(4.9a)	can	be	integrated	
analytically	and	Fig.	4.6	shows	the	variation	of	߁෨௫௫	with	ܻ	and	ܮ.	For	a	fixed	ܻ, ߁෨௫௫	varies	






























simulation	 results	 of	 (Cleveringa	 et	 al.,	 1999)	 for	 a	 single	 crystal	 under	 pure	 bending,	
which	also	shows	a	linear	variation	of	the	baseline	stress	field	(i.e.	before	correcting	for	
the	 image	 fields)	 across	 the	 beam	 thickness16.	 Unlike	 the	߁෨௫௫	calculation,	 the	 ߁෠௫௫	
variation	(Eq.	4.9b)	over	the	thickness	requires	numerical	integration	and	is	performed	
using	 Gauss‐Laguerre	 quadrature	 (Press	 et	 al.,	 1992)	 17.	 Appendix	 B	 provides	 the	





	 ௫ܶ௫∗ ൌ െߤܣ௭௫݄߁௫௫ ( 4.10)
																																																													
16	Fig	7	in	Cleveringa’s	work	(1999)	shows	that	the	൫	̃൯	stress	magnitude	linearly	varies	from	





























where	߁௫௫ ൌ ߁෨௫௫ െ ߁෠௫௫	(Fig	4.8).	The	value	of	߁௫௫	asymptotes	to	~1 3⁄ 	as	ܮሺൌ ݈௖ ݄⁄ ሻ	tends	
to	 infinity,	 which	 indicates	 that	 the	 internal	 stress	 saturates	 in	 the	 cases	 where	 the	
specimen	thickness	 is	much	smaller	compared	to	the	internal	 length‐scale.	Note	that	ܮ	
could	 vary	 because	 of	 changes	 in	݄,	 ݈௖,	 or	 both.	 An	 important	 question	 is:	 should	 ܮ	
change	 with	݄,	 and	 if	 so,	 how?	 In	 other	 words,	 should	 ݈௖	remain	 fixed,	 increase	 or	
decrease	 with	݄?	 If	 ݈௖	 changes	 linearly	 with	݄	 then	 ܮ ൌ	constant	 and	 therefore,	 ߁௫௫ ൌ
	constant	(Fig.	4.8).	In	such	a	scenario,	although	the	internal	stress	is	non‐zero	it	is	not	
length‐scale	 dependent.	 On	 the	 other	 hand,	 decreasing	 (increasing)	 ݈௖	with	 increasing	
(decreasing)	݄	indicates	that	the	internal	stress	will	also	decrease	(increase).	This	is	also	






Figure	  4.8.	 Variation	 of	 the	 normalized	 total	 internal	 stress	 ߁௫௫ with	 normalized	 internal	length‐scale	ܮ	at	specimen	surface	(ܻ ൌ 1).	




















Equation	 (4.10)	 brings	 to	 fore	 a	 noteworthy	 feature	 in	 that	 the	 length‐scale	
dependent	 internal	 stress	 shows	 an	 explicit	 dependence	 on	 the	 magnitude	 of	 GND	
density.	This	is	in	contrast	to	most	continuum	formulations	for	length‐scale	dependent	
internal	 stresses	 that	 predict	 a	 non‐zero	 internal	 stress	 only	 if	 GND	 density	 gradient,	
rather	than	a	non‐zero	GND	density,	is	present	(Evers	et	al.,	2004;	Gerken	and	Dawson,	
2008;	 Gurtin,	 2002).	 Thus,	 the	 length‐scale	 dependent	 internal	 stresses	may	 exist	 not	
only	because	of	a	non‐uniform	GND	density	but	also	because	of	the	image	fields	and	the	
latter	may	cause	internal	stresses	even	if	 the	GND	density	 is	nominally	uniform	over	a	




Before	discussing	 the	 results	 of	 the	particular	model	problem,	 it	 is	 useful	 to	note	
that	 the	 decomposition	 of	 the	 real	 problem	 in	 Fig.	 4.1	 and	 the	 treatment	 explicitly	





	 ܜሺܖሻ ൌ ൫܂௘௫௧ ൅ ܂෩ ൅ ܂෡൯ܖ	 ( 4.11)	
with	̃ܜ ൌ ܂෩ܖ	being	the	micro‐traction	corresponding	to	the	infinite	medium	solution	(Fig.	
4.1d)	and	 ̂ܜ ൌ ܂෡ܖ	being	the	corrective	traction	applied	to	remove	the	spurious	traction	




	 ܜ௘௫௧ሺܖሻ ൌ ܂௘௫௧ܖ	




the	 infinite	 medium	 assumption	 (Fig.	 4.1d)	 may	 be	 calculated	 either	 analytically	 or	
numerically.	 Then,	 the	 stress	 fields	 arising	 from	 corrective	 image	 tractions	̂ܜሺܖሻ ൌ
െ̃ܜ	ሺܖሻ	 (∵ ܜ∗ሺܖሻ ൌ ૙ሻ	applied	 at	 the	 free	 boundaries	 may	 be	 obtained	 by	 solving	 the	
corresponding	boundary‐value	problem	using	FE	method.	The	superposition	of	the	two	
solutions	 (Fig.	 4.1c)	 together	 with	 the	 stress	 fields	 from	 prescribed	 b.c.’s	 (Fig.	 4.1b)	
would	then	provide	the	overall	solution.		
	As	shown	in	chapter	3,	 the	 internal	stress	܂∗may	be	compared	to	Gurtin’s	micro‐
stress	 ࣈఈ	that	 appears	 as	 an	 additional	 higher‐order	 quantity	 on	 a	 slip	 system	ߙ	 that	
needs	to	be	prescribed	at	the	boundaries.	On	a	traction‐free	boundary	(Gurtin,	2002)	
	 ࣈఈ ∙ ܖ ൌ ૙ ( 4.13)
which	 indicates	 that	 the	 component	 of	 the	 micro‐stress	 along	 the	 normal	 to	 the	
boundary	should	be	zero.	Based	on	the	present	work,	Eq.	(4.13)	may	be	expanded	as	
	 ࣈࢻ ∙ ܖ ൌ ሺࣈ෨ఈ ൅ ࣈ෠ఈሻ ∙ ܖ ൌ ૙	 ( 4.14)
where	 ሺ∙ሻ̃	and	 ሺ∙ሻ̂	fields	 represent	 the	 appropriate	 micro‐stress	 fields.	 The	 scalar	











Note	 that	 Eq.	 (4.15)	 is	 very	 similar	 to	 the	 one	 arising	 from	 Eq.	 (4.12).	 Thus,	 the	
micro‐stress	 construed	 as	 net	 Peach‐Koehler	 (P‐K)	 force	 density	 (Gurtin,	 2002)	
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is	 its	unit	 tangent	vector	and	܂௘௫௧	 is	 the	applied	stress.	܂෩௝	 is	 the	 internal	stress	 tensor	
from	 the	 jth	 on	 the	 ith	 dislocation	 (dislocation‐dislocation	 interaction)	 in	 an	 infinite	
medium	 and	 ܂෡௝	 is	 the	 image	 field	 contribution	 arising	 from	 the	 dislocation‐boundary	
interaction	of	the	݆௧௛	dislocation	to	the	P‐K	force	on	the	݅௧௛	dislocation.	In	our	opinion,	
displacement‐based	 formulations	with	 slip	 gradients	 (or	GND	densities)	 as	 degrees	 of	
freedom	(e.g.	Kuroda	and	Tvergaard,	2009;	Hayashi,	et	al,	2011)	do	not	clearly	connect	
the	 null	 GND	 density	 with	 the	 higher‐order	 natural	 b.c.’s	 at	 free	 surfaces.	 Their	
equivalent	representation	as	null	GND	density	seems	to	account	only	for	the	ሺ. ̃ ሻ	term	in	














2005).	 The	 SRI	 interactions	 from	 SSDs	 must	 be	 incorporated	 via	 phenomenological	
constitutive	prescription.	Notwithstanding	 these	differences,	 the	present	homogenized	
approach	 still	 enables	making	 connections	with	 its	 counterpart	 in	 the	 DDP	 approach.	
For	 example,	 it	 provides	 a	 possible	 description	 of	 the	 length‐scale	 adopted	 in	 coarse‐
grained	continuum	approaches.	Likewise,	as	 just	discussed	 it	also	enables	 interpreting	
the	higher‐order	boundary	conditions	that	appear	in	coarse‐grained	approaches	(Bayley	
et	al.,	2006;	Gurtin,	2002;	Hayashi	et	al.,	2011).	
With	 this	 background,	 the	 model	 is	 extended	 to	 crystal	 plasticity	 framework	 to	
investigate	 the	 pure	 bending	 problem	 with	 reference	 to	 length‐scale	 effects	 under	
monotonic	 and	 cyclic	 loading.	 The	 stresses	 due	 to	 the	 externally	 applied	 bending	
moment	superpose	with	the	internal	stresses	induced	by	the	uniform	GND	density	while	




material	 length‐scale	 with	 microstructural	 underpinnings	 that	 define	 plastic	
deformation.			
4.4 Length-scale Dependent Pure Bending Response of Single 
Crystals  
In	 this	 section,	 we	 analyze	 the	 length‐scale	 dependent	 behavior	 of	 an	 elastically	










angle	േߠ	 respect	 to	 beam	 axis	 (Figure	  4.2)	 and	 is	 subjected	 to	 total	 curvature	ߢ.	 As	
mentioned	earlier,	we	also	assume	݈ ݄⁄ 	≫ 1	and	therefore,	ignore	the	image	effects	from	
the	 end	 faces	 in	 the	ݔ െdirection.	 For	 a	 single	 crystal	 that	 is	 elastically	 isotropic	 and	
plastically	incompressible,	the	relevant	plastic	strains	under	plane‐strain	pure	bending	
may	be	written	using	the	classical	Kirchhoff	beam	theory	(Han	et	al.,	2005b)	
	 ܧ௫௫௣ ൌ െܧ௬௬௣ ൌ െߢ௣ݕ, ܧ௫௬௣ ൌ 0.	 ( 4.17)	
where	 ߢ௣ ൌ ߢ െ ߢ௘	 is	 mean	 plastic	 beam	 curvature	 and	ߢ௘	 is	 the	 elastic	 curvature	
obtained	as	the	current	stress	divided	by	the	elastic	modulus.	In	crystallographic	terms,	
the	plastic	strain	 tensor	۳௣ ൌ ∑ ߛఈሺܛఈ 	⊗ܕఈሻ௦௬௠	ఈ ,	where	ߛఈ	 is	 the	plastic	slip	on	ߙ௧௛	
slip	system	defined	by	the	slip	direction	ݏఈ	and	slip‐plane	normal	݉ఈ.	For	the	symmetric	
double	slip,	the	plastic	slip	on	each	slip	system	is	




where	ܵ ൌ sin ߠ ܿ݋ݏߠ	is	the	Schmid	factor.	The	crystallographic	description	of	the	GND	











൩ ( 4.19) 




	 ߬௘௫௧ ൅ ߬∗ ൌ ݃௧ ( 4.20) 
where	߬௘௫௧	and	߬∗ ൌ 2ߤ̅ߛ߁௫௫ܵଶare	resolved	shear	components	of	 the	externally	applied	
and	 internally	 developed	 stresses,	 respectively	 and	݃௧	 is	 the	 current	 total	 slip	 system	
hardness	 that	 develops	 through	 dislocation‐dislocation	 SRI.	 	 Proposals	 to	 account	 for	
SSD	 and	 GND	 induced	 slip	 system	 hardening	 include	 Taylor	 model	 (Nix	 and	 Gao,	
1998)and	 its	 variant	 e.g.	 ݃௧	~	ሺ݂ሺߛሻ௥ ൅ ݈ሺ׏ߛሻ௥ሻଵ ௥⁄ 	(Fleck	 et	 al.,	 1994;	 Evans	 and	
Hutchinson,	 2009)	which	 has	 a	more	 generalized	 form	 ݃௧	~	ሺ݂ሺߛሻ௣ ൅ ݈ሺ׏ߛሻ௤ሻଵ ௥⁄ 	 (Abu	
Al‐Rub,	2004;	Nix	and	Gao,	1998;	Voyiadjis	and	Al‐Rub,	2005)	where	ߛ	is	equivalently	
the	total	plastic	strain,	݈	 is	an	appropriate	 length‐scale	parameter	and	݌, ݍ	and	ݎ	are	 fit	
parameters.	 The	 hardening	 function	 ݂ሺߛሻ	embeds	 information	 regarding	 the	
conventional	size‐independent	strain	hardening	due	to	SSDs.	Although	not	the	focus	of	
this	paper,	a	notable	point	is	that	there	seems	to	be	no	consensus	in	the	precise	range	
of	݈;	 it	 appears	 to	 depend	 on	 the	 details	 of	 the	 underlying	 formulation	 (Evans	 and	
Hutchinson,	2009;	Hussein	et	al.,	2008;	Nix	and	Gao,	1998;	Voyiadjis	and	Al‐Rub,	2005).	













൅ ൫݈௚	ߟ௚ఈ൯	 ( 4.21)	
where	݃0ߙ	 is	 the	 initial	 slip	 resistance	 for	 slip	 system	 ߙ,	 ܥ଴	 is	 the	 ratio	 of	 hardening	
modulus	over	 the	 initial	 resistance	 and	 |. |	indicates	 the	magnitude	of	 plastic	 slip.	 The	
second	term	inside	the	square	root	models	the	length‐scale	dependent	SRI	through	slip	
gradients	ߘߛఈ	on	individual	slip	systems	that	are	associated	an	effective	measure	of	the	













	 ( 4.22) 








of	 free	 surfaces	 under	 monotonic	 and	 cyclic	 pure	 bending.	 We	 also	 compare	 the	
predicted	 results	 with	 recent	 micro‐beam	 bending	 experiments.	 Through	 this	





discuss	 length‐scale	 dependent	 Bauschinger	 effect	 in	 the	 presence	 of	 free	 surfaces.	
Unless	otherwise	mentioned,	we	set	ܥ଴ ൌ ݈௚ ൌ 0.	
4.4.1 Monotonic response 
To	begin	with,	we	investigate	the	variation	of	length‐scale	dependent	internal	stress	
(Eq.	 ( 4.22)).	 To	 highlight	 its	 role	 in	 the	 overall	 response,	 we	 suppress	 both	 the	 SRI	
contributions,	by	setting	ܥ ൌ 0	(no	SSD	hardening)	and	݈௚ ൌ 0	(no	GND‐induced	Taylor	
hardening),	implying	a	non‐hardening	type	material.	With	the	parameters	in	Table	 4‐1,	
and	 symmetric	double	 slip	 systems	with	 angles	=	േ45°	Figure	  4.9a	 shows	normalized	
overall	 stress	 ߁௫௫	 variation	 across	 the	 normalized	 specimen	 thickness	ܻ	ሺൌ ݕ ݄⁄ ሻ	for	
different	values	of	normalized	internal	length‐scale	ܮ	ሺൌ ݈௖ ݄⁄ ሻ.		




Shear	modulus	(ߤሻ	 47 ൈ 10ଷ ܯܲܽ 
Burgers	vector	(ܾ) 0.255 ݊݉ 
Critical	slip	resistance	(݃଴ሻ 60 ܯܲܽ 
	
The	benchmark	solution	(blue	dashed	curve)	is	 for	the	same	problem	but	without	
the	 length‐scale	 dependent	 internal	 stress	 (classical	 crystal	 plasticity	 –	 CCP).	 As	







distribution	 of	 the	 internal	 stress	 over	 the	 specimen	 thickness.	 In	 Figure	  4.9a,	 for	 a	
given	ܮ	 the	 internal	 stress	 is	simply	 the	difference	between	the	 inclined	 line	 for	 that	ܮ	
and	the	dashed	line	(Eq.	4.22).	The	plot	indicates	that	the	internal	stress	exists	over	the	
entire	 specimen	 thickness	 for	 the	 values	 considered	 in	 this	 example.	 This	 is	 a	 direct	




thickness	 as	 shown	 in	 previous	 sections.	 Very	 recently,	 (Hayashi	 et	 al.,	 2011)	 showed	
that	 non‐zero	 internal	 stresses	 exist	 only	 close	 to	 the	 surface	 in	 their	 specimens	with	

























Figure	 4.9.	a)	Normalized	stress	variation	across	normalized	specimen	thickness	ܻ ൌ ݕ/݄
at	ܧ௫௫௦ ൌ 0.05,	 b)	 Stress‐strain	 curves	 at	 specimen	 surfaces	 ሺܻ ൌ 1ሻ	 for	 different	 values	of	ܮ ൌ ݈௖/݄.	
Since	 the	 overall	 stress	 varies	 across	 the	 specimen	 thickness,	 we	 consider	 the	
stress‐strain	relationship	at	the	beam	surface	ሺݕ ൌ ݄ሻ	(Eq.	( 4.22))	to	describe	the	overall	
response.	 Figure	  4.9b	 depicts	 the	 length‐scale	 dependent	 ௫ܶ௫௦ െ ܧ௫௫௦ 	 relationship	
where	ܧ௫௫௦ ൌ ሺܧ௫௫௦ ሻ௘ ൅	ߢ௣݄	is	the	total	surface	strain	and	ሺܧ௫௫௦ ሻ௘ ൌ ௫ܶ௫௦ 2ߤ	ሺ1 ൅ ߥሻ⁄ 	is	the	
surface	 elastic	 strain.	 For	 a	 fixed	݈௖	 the	 internal	 stress	 induces	 increasingly	 stronger	
hardening	as	specimen	thickness	ݐ	decreases	even	under	pure	curvature	conditions.	























recent	 experimental	 result.	 In	 the	 process,	 we	 also	 discuss	 the	 nature	 of	 the	 internal	
length‐scale	݈௖.		
4.4.2 Comparison with Experiment 
(Motz	 et	 al.,	 2005)	 	 performed	 bending	 tests	 on	 copper	 single	 crystal	 specimens	
with	an	<110>	{111}	orientation	where	the	beam	axis	is	collinear	with	the	crystal	<110>	
direction	 and	 neutral	 plane	 is	 along	 the	 {111}	 plane	 (Fig.	 4.11).	 For	 this	 crystal	
orientation,	there	are	four	active	slip	systems	with	Schmid	factor	0.408,	while	it	is	zero	
on	 the	 remaining	 slip	 systems	 (Table	 4.2).	 Their	 experiments	 show	 that	 the	 flow	
stress	ߪ௙ െ ݐ	 relationship	 for	monotonic	bending	of	 single	 crystal	 copper	micro‐beams	






























1	 (0,‐1,1)	 (0.5,0,‐0.86) (‐1,1,1) (‐0.81,0.33,‐0.47)
2	 (‐1,0,1)	 (‐0.5,0,‐0.86) (1,‐1,1) (0.81,0.33,‐0.47)
3	 (1,0,1)	 (0.5,0.81,‐0.28) (‐1,1,1) (‐0.81,0.33,‐0.47)
4	 (0,1,1)	 (‐0.5,0.81,‐0.28) (1,‐1,1) (0.81,0.33,‐0.47)
	
For	 this,	we	 consider	 the	 specimen	 geometry	 to	 be	 the	 same	 as	 in	 the	 preceding	
section,	 but	model	 two	 sets	 of	 conjugate	 slip	 systems	 as	 observed	 in	 the	Motz	 et	 al’s	
experiments	(See	Figure	 4.11).		
Noting	 Eq.	 ( 4.17)	 and	 the	 crystallographic	 description	 of	 plastic	 strain	 	۳௣ ൌ
∑ ߛఈሺܛఈ 	⊗ܕఈሻ௦௬௠	ఈ we	obtain	

















Figure	  4.11.	 Schematic	 of	 single	 crystal	 specimen	under	 pure	 bending,	 crystal	 orientation	
and	corresponding	active	slip	systems.	
The	 crystal	 orientation	 in	 the	 experimental	 set	 up	 satisfies	 the	 plane	 strain	
conditions	 for	 plasticity,	 which	 is	 in	 agreement	 with	 our	 previous	 assumption	 in	
deriving	internal	stress	constitutive	equation.		
Figure	  4.12	 compares	 the	 experimental	 ߪ௙ െ ݐ	variation	 (green	 curve	 and	 circles)	
together	 with	 the	 theoretical	 predictions	 (dashed	 curves	 and	 symbols)	 with	 the	
parameter	 values	 provided	 in	 Table	  4‐120.	 The	 different	 dashed	 curves	 signify	 the	
predicted	 ߪ௙ െ ݐ	 variation	 for	 different	 values	 of	݈௖.	 The	 blue	 dashed	 curve	 is	 the	
predicted	ߪ௙ െ ݐ	variation	accounting	for	only	the	GND‐SRI	term	in	Eq.	( 4.22).	Over	the	
entire	 range	 of	 beam	 thicknesses	 investigated	 by	Motz	 et	 al	 (2005)	 the	 predicted	 SRI	
contribution	 to	 the	 overall	 strengthening	 falls	 short	 of	 the	 experimentally	 reported	
strengthening	 indicating	 that	 there	 should	 be	 an	 additional	 contribution	 to	









but	 under	 cyclic	 loading,	which	 exhibit	 pronounced	 length‐scale	 dependent	 kinematic	
hardening	(Bauschinger	effect)	during	load	reversal,	also	predicted	by	(Hou	et	al.,	2008)	
in	 the	 DDP	 analysis	 of	 pure	 bending	 of	miniaturized	 beams.	 An	 interesting	 source	 of	
deviation	 from	 the	 classic	 Taylor	 hardening	 model	 was	 recently	 highlighted	 by	
Guruprasad	 and	 Benzerga	 (2008).	 They	 indicated	 that	 even	 under	 nominally	
homogeneous	loading	(tension	or	compression),	presence	of	local	GND	structures	at	the	
micro‐scale	 may	 cause	 additional	 hardening	 at	 small	 length‐scales,	 especially	 over	
moderate	 to	 large	 strains.	 They	 also	 proposed	 an	 augmented	 hardening	 model	 to	
account	for	such	higher‐order	effects.	
Note	that	 for	 the	values	of	 ݈௖	considered	in	Figure	  4.12,	each	curve	compares	well	
with	 the	experiment	only	 in	a	particular	 regime	of	beam	 thickness.	 For	example,	with	
݈௖ ൌ 1	ߤ݉	(red	 curve)	 the	predicted	ߪ௙	corroborates	well	with	experimental	 values	 for	
large	 beam	 thickness	ሺݐ ൐ 3.5	ߤ݉ሻ.	 However,	 for	 thinner	 beams	 the	 predicted	
strengthening	 is	 much	 lower	 than	 the	 actual	 value.	 Interestingly,	 for	 beams	 with	
ݐ ൑ 3.5	ߤ݉	one	observes	better	corroboration	with	the	experiment	for	larger	values	of	݈௖	
such	 that	 at	 the	 smallest	ݐ	ሺൌ 1	ߤ݉ሻ	the	 predictions	 with	݈௖ ൌ 10	ߤ݉	corroborate	 very	
well	 with	 the	 experiments.	 Based	 on	 this	 comparison,	 it	 may	 be	 postulated	 that	 the	
evolution	 of	 internal	 length‐scale	 changes	 with	 decreasing	 specimen	 thickness.	 It	








explanation	 for	 such	 a	 dependency,	which	 is	 discussed	 in	 the	 subsequent	 paragraphs.	
One	physical	interpretation	of	the	internal	length‐scale	݈௖	that	governs	internal	stresses	
in	 a	mesoscopic	 continuum	 is	 a	 correlation	 length‐scale	 emerging	 from	 the	 collective	







Specimen thickness  
 




















Bakó,	 1998;	 Zaiser	 and	 Aifantis,	 2003;	 Zaiser	 et	 al.,	 2001;	 Zaiser	 and	 Seeger,	 2002).	
(Hahner	and	Zaiser,	1997)	proposed	a	scaling	law	for	correlation	length,	which	gives	a	
correlation	 length	 around	 1	ߤ݉	for	 deformed	 Cu	 in	 stage‐II	 hardening	 at	 room	
temperature.	 For	 a	 given	 specimen,	 the	 initial	݈௖	may	 be	 defined	 by	 the	 starting	
dislocation	 substructure	 or	 the	 initial	 dislocation	 source	distribution.	 It	may	 evolve	 as	
the	dislocation	substructure	evolves	during	deformation.	Based	on	these	ideas,	we	may	
consider	 the	 relevant	 length‐scale	݈௖	to	 be	 the	 correlation	 distance	 over	 which	
dislocation	ensembles	interact	through	their	stress‐fields.	Conventionally	݈௖	is	described	
in	terms	of	multiples	of	the	average	dislocation	spacing	ߣ,	i.e.	~	ሺߩሻିଵ ଶ⁄ ,	where	ߩ	is	the	
overall	 dislocation	 density	 (Weiss	 and	 Montagnat,	 2007;	 Zaiser	 and	 Seeger,	 2002).	
Mughrabi	(1975,	1983,	2001)	suggested	that	݈௖	should	be	 in	the	range	of	10‐100	times	
the	 average	 dislocation	 spacing	ߣ.	 On	 a	 given	 slip‐plane	with	 dislocations	 arranged	 in	
parallel	 (Figure	  4.13),	 the	 average	ߣ	on	 that	 particular	 slip‐plane	 can	 be	 obtained	
directly	 from	 their	 arrangement.	 However,	 normal	 to	 the	 slip‐plane	 the	 dislocation	
spacing	 is	 set	 by	 another	 length‐scale	݈௦,	 which	 is	 the	 distance	 between	 two	 adjacent	
slip‐planes.	 The	 existence	of	 such	 an	effective	 slip‐plane	 spacing	 ݈௦	stems	 from	 the	 fact	
that	not	 all	 the	planes	 in	 a	particular	 slip	 system	are	activated	during	 initial	 stages	of	













ܣ௭௫ ൌ ൬ ௗܰݐ݈̅ݏ൰ ܾ	
( 4.24)	
where	 ሺݐ ௗܰ⁄ ሻ ൌ ߣ	 on	 a	 given	 slip	 plane.	 For	 crystalline	 materials,	 ݈௦̅	 (or	 ݈௦)	 is	 in	 the	
range	of	tens	of	nanometers22	(Deshpande	et	al.,	2005).	Mesarovic	et	al	(2010)	showed	
that	݈௦ഥ	appears	as	a	natural	internal	length‐scale	in	the	continuum	description	of	internal	
stress	 by	 invoking	 the	 thermodynamic	 coarsening	 error	 between	 the	 discrete	 and	
																																																													
22	݈௦ഥ 	ൌ ݈௦/ cos ߠ	is	the	projection	of	the	actual	slip‐plane	spacing	݈௦,	which	is	~100ܾ.	
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continuum	 descriptions	 of	 a	 GND	 density	 field.	 From	 a	 kinematic	 coarsening	
perspective,	 if	 we	 smear	 out	 the	 dislocation	 arrangement	 along	 the	 slip‐plane	 by	
adopting	 the	 notion	 of	 continuously	 distributed	 dislocations,	 but	 retain	 the	 discrete	
nature	 of	 distribution	 across	 it,	 then	 the	 correlation	 length‐scale	may	be	described	 as	
(Mughrabi,	(1975),	Zaiser	and	Seeger	(2002)	and	Mesarovic,	et	al	(2010))		
݈௖ ൌ ߚ݈௦ഥ	 ( 4.25)	
where	ߚ	~	10 െ 100	(Mugharbi,	 1975)	 may	 be	 viewed	 as	 the	 number	 of	 slip	 planes	
around	 a	 given	 point	 that	 influence	 the	 stress	 field	 at	 that	 point.	 For	 example,	
if	݈௦ഥ ൌ 	30݊݉,	 we	 obtain	݈௖	~	300	݊݉ െ 3	ߤ݉	 from	 Eq.	 ( 4.25),	 which	 is	 in	 the	 range	
suggested	by	various	continuum	and	DDP	approaches	(Deshpande	et	al.,	2005;	Hahner	
and	 Zaiser,	 1997;	 Weiss	 and	 Montagnat,	 2007;	 Zaiser	 et	 al.,	 2001).	 Note	 that	 the	
assumption	 of	 discreteness	 of	 slip‐planes	 may	 be	 relevant	 in	 a	 scenario	 where	 a	
specimen	 initially	 hosts	 sparsely	 distributed	 dislocation	 sources,	 which	 would	 also	




2011;	 Kiener	 and	 Minor,	 2011;	 Parthasarathya	 et	 al.,	 2007).	 It	 is	 likely	 that	 these	
mechanisms	may	couple	 into	the	description	of	 internal	stresses	through	the	notion	of	
internal	 length‐scale.	 Although	 we	 do	 not	 explicitly	 account	 for	 such	 mechanisms,	
comparison	 of	 our	 calculations	 with	 experiments	 provides	 an	 interesting	 perspective	
from	the	viewpoint	of	internal	stresses	that	may	connect	to	these	proposals.	
Now,	 based	 on	 our	 postulate	 that	 ݈௖	increases	 with	 decreasing	 	ݐ	(Figure	  4.12),	 a	
larger	 ݈௖	for	 smaller	 specimen	 means	 that	 either	 ݈௦ഥ	is	 larger	 for	 fixed	ߚ,or	 that	 more	









slip.	 As	mentioned	 in	 the	 preceding	 paragraph,	 from	 the	 viewpoint	 of	 Eq.	 ( 4.24)	 and	
Figure	  4.12,	 this	 suggests	 that	 below	 a	 certain	 value	 of	ݐ,	 for	 a	 fixed	 GND	 density	 a	
reduction	 in	 the	average	density	of	dislocation	sources	should	 indeed	 lead	 to	 the	slip‐
planes	 being	 spaced	 wider	 apart,	 i.e.	 larger	݈௦ഥ	with	 smaller	ݐ.	 This	 observation	 is	 also	
consistent	with	the	notion	of	source‐limited	plasticity	in	geometrically	confined	systems	
(El‐Awady	et	al.,	2009a;	Espinosa,	2005;	Parthasarathy	et	al.,	2007);	Shi,	et.	al.	(2004)).	
From	Figure	  4.12,	 ݈௦ഥ	(and	therefore,	݈௖)	remains	nearly	constant	above	ݐ ൐ ~	4	ߤ݉,	but	
increases	dramatically	below	that	value.		
	 It	 is	 interesting	 to	 consider	 an	 allied	 length‐scale	 dependency	 from	 the	
perspective	 introduced	 by	 Chakravarthy	 and	 Curtin	 (2010).	 For	 specimen	 under	
uniaxial	 tension,	 their	 DD	 and	 continuum	 analysis	 showed	 that	 the	 amount	 of	
strengthening	 increases	 with	 increasing	 ratio	 of	 the	 obstacle	 to	 dislocation	 source	
density	ሺݎ ൌ ߩ௢௕௦ ߩ௦⁄ ሻ	for	a	fixed	specimen	thickness.	In	the	present	context,	this	may	be	
viewed	 as	 follows:	 For	 a	 fixed	ݐ,	 Eq.	 ( 4.24)	 requires	 that	 for	 a	 fixed	 ܣ௭௫	(i.e.	 fixed	
curvature)	 the	number	of	 dislocations	 ௗܰ	in	 the	pile‐up	over	 the	 region	 ሺ݈௦ഥ 	ൈ 	ݐሻ	must	
increase	for	a	larger	݈௦ഥ.	In	other	words,	there	should	be	more	dislocations	per	slip‐plane	
to	 accommodate	 the	 same	 curvature.	 This	 is	 also	 akin	 to	 saying	 that	 the	 density	 of	
obstacles	 ሺߩ௢௕௦ሻ	to	 dislocation	 nucleation	 or	 motion	 per	 slip‐plane	 is	 higher,	 because	
each	 new	 dislocation	must	 overcome	 the	 back	 stress	 produced	 by	 existing	 obstacles.	
Further,	 higher	 ݈௦ഥ	means	 more	 widely	 spaced	 slip‐planes	 concomitant	 to	 fewer	
dislocation	 sources,	 i.e.	 lower	ߩ௦.	With	 this,	 it	 can	 be	 postulated	 that	 the	 argument	 of	
higher	 ݈௦ഥ	producing	 larger	 strengthening	 due	 to	 enhanced	 internal	 stress	 is	 also	
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consistent	 with	 the	 results	 of	 Chakravarthy	 and	 Curtin	 (2010).	 In	 the	 context	 of	 the	




In	 summary,	we	 posit	 that	 the	 proposed	 origin	 of	 the	 inverse	 dependence	 of	 the	
internal	 length‐scale	 ݈௖	corresponding	 to	 the	 internal	 stresses	 on	 the	 specimen	 size	ݐ	
stems	 from	 the	paucity	 of	 active	 slip	planes	 (arising	 from	 lack	of	 sufficient	number	of	
sources	and/	or	truncated	sources)	that	determine	their	average	spacing	݈௦ഥ.	We	note	in	
passing	 that	 from	 Figure	  4.8,	 this	 also	 means	 that	 the	 internal	 stress	 increases	 non‐
linearly	with	decreasing	ݐ.	
4.4.3 Length-scale Dependent Bauschinger Effect  
Finally,	 we	 investigate	 the	 cyclic	 pure	 bending	 behavior	 of	 the	 single	 crystal	
specimen	using	developed	continuum	framework	in	the	previous	section.	In	particular,	
we	 mimic	 a	 single	 cycle	 comprising	 forward	 bending	 leading	 a	 prescribed	 plastic	
curvature	 followed	by	straightening	 to	original	undeformed	geometry,	which	has	been	
experimentally	reported	to	exhibit	a	 length‐scale	dependent	Bauschinger	effect	(Demir	




seen	 that	 the	 length‐scale	dependent	 internal	 stresses	cause	more	severe	Bauschinger	









(GNDs)	 arrangement	 during	 forward	 bending.	 Secondly,	 the	 hardening	 rate	 in	 the	
reverse	 plasticity	 is	 higher	 for	 thinner	 specimen.	 Finally,	 for	 a	 given	 thickness	 the	




Figure	  4.14.	 Bending‐straightening	 cyclic	 response of	 single	 crystalline	 specimen	oriented	
for	double	symmetric	slip 
Corresponding	to	Fig.	4.14,	the	GND‐induced	SRI	and	LRI	terms	are	nonzero	at	the	
point	 of	 reverse	 yield	 and	 are	 equal	 to	 those	 at	 the	 strain	 at	which	 unloading	 begins.	
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These	 contributions	 gradually	 decrease	 with	 decreasing	 curvature	 until	 they	 vanish	
when	 the	 specimen	 attains	 its	 original	 shape.	 Consequently,	 the	 overall	 stress	 also	
becomes	equal	 to	 the	yield	stress	determined	by	݃଴	 (Eq.	4.22).	 In	reality	however,	 the	
presence	 of	 SSD	 density	 and	 the	 remobilization	 of	 GNDs	 as	 SSDs	 due	 to	 decreasing	
curvature	 (Demir	 and	 Raabe,	 2010)	 may	 produce	 a	 higher	 hardening	 rate	 in	 the	
straightening	stage,	which	is	not	captured	here.		In	addition	they	observed	an	enhanced	
hardening	 during	 straightening	with	 decreasing	 specimen	 thickness.	 This	 likely	 arises	
because	 the	 GND	 density	 that	 evolves	 to	 accommodate	 increasing	 curvature	 during	
forward	 loading	 progressively	 decreases	 during	 the	 straightening	 phase	 and	 this	
accumulated	density	manifests	itself	as	increased	mobile	dislocation	density	that	may	in	
turn	 enhance	 the	 overall	 hardening	 in	 the	 flow	 regime.	 In	 Figure	  4.14,	 this	 effect	 is	
accounted	for	 in	the	straightening	phase	within	the	Taylor	hardening	term	in	a	simple	
way	by	assuming	that	the	fractional	reduction	in	the	GND	density	is	the	same	as	that	of	
the	 fractional	 increase	 in	 the	 SSD	 density.	 The	 GND‐induced	 SRI	 and	 internal	 stress	
terms	are	nonzero	at	initial	stages	of	unloading,	but	gradually	decrease	with	decreasing	
curvature	 until	 it	 reaches	 zero	 when	 the	 specimen	 attains	 its	 original	 shape.	
Concurrently,	the	hardening	due	to	remobilized	GND	density	term	is	zero	at	initial	stage	
of	unloading,	but	evolves	with	stress	reversal.	
Figure	 4.15	 shows	 the	 overall	 stress	 variation	 across	 specimen	 thickness	 at	















yielding	 strongly	 depends	 on	ݐ	and	݈௖	 (blue	 curves).	 Note	 that	 at	 the	 point	 of	 reverse	





























yielding,	 the	CCP	result	 shows	a	 linear	 tension	 to	 compression	 transition	between	 the	
neutral	 axis	 and	 the	 free	 surface.	 With	 decreasing	݈௖	and	 concurrently	 higher	݈௖	the	
inflection	 point	 moves	 toward	 the	 surface	 to	 the	 extent	 that	 it	 may	 even	 disappear.	
Figure	  4.14	and	4.15	reveal	that	surfaces	may	deform	plastically	upon	reversal	loading	




Figure	  4.16.	 Length‐scale	 dependent	 dissipative	 (isotropic)	 and energetic	 (kinematic)	
hardening	components	of	pure	bending	responses	for	two	different	specimen	thickness	
Since	 the	 SSD	 hardening	 is	 ignored	 here,	 the	 length‐scale	 independent	 plastic	
dissipation	is	only	due	to	perfect	plasticity.	Therefore,	the	hardening	behavior	observed	
in	 the	 figure	 is	 fully	 ascribed	 to	 the	 length‐scale	 dependent	 dissipative	 and	 energetic	
components	 of	 GNDs.	 Inset	 in	 Fig.	 4.14	 shows	 that	 the	 isotropic	 hardening	 can	 be	
obtained	 by	 deducting	 the	 initial	 yield	 stress	 ଴ܻ	 (OA)	 from	 subsequent	 yield	 stress	

























































The	 first	 term	 in	 Eq.	 ( 4.26)	 represents	 the	 length‐scale	 independent	 reversible	
stored	energy	associated	with	externally	applied	loads.	The	second	term	is	referred	to	as	





It	 can	 be	 seen	 than	 regardless	 of	 beam	 thickness,	 the	 contribution	 of	 energetic	
hardening	 is	 higher	 than	 the	 dissipative	 one	which	 is	 depicted	 in	 figure	 4.10	 as	well.	
Furthermore,	 higher	 irreversible	 energy	 store	 and	 dissipate	 in	 thinner	 beam	 due	 to	
polarized	GND	distribution	which	provide	 the	 length‐scale	dependent	 responses.	Note	
that	 length	 scale	 dissipative	 energy	 arises	 from	 short‐range	 interaction	 of	 GNDs	with	









4.5 Summary and Outlook 
This	chapter	presents	an	elasticity	based	approach	to	account	for	image	effects	due	
to	 GND‐free	 surface	 interaction	 producing	 length‐scale	 dependent	 internal	 stresses	 in	




possible	 to	 apply	 the	 concept	 to	 other	 continuum	 analogs	 based	 on	 fundamental	
solutions	such	as	elastic	half‐spaces	and	interfaces	between	dissimilar	materials	under	
homogeneous	or	non‐homogeneous	deformations.		
The	 pure	 bending	 example	 shows	 that	 finite	 spatial	 extent	 of	 the	 GND	 density	
produces	 net	 long‐range	 elastic	 interaction	when	 image	 fields	 are	 taken	 into	 account	
that	manifest	as	 internal	stresses	even	when	the	GND	density	is	uniformly	distributed.	
The	results	show	that	these	effects	become	increasingly	important	as	the	characteristic	
specimen	 size	 approaches	 the	 internal	 material	 length‐scale.	 If	 the	 specimen	 size	 is	
much	 larger	 than	 the	 internal	 length‐scale	 the	 internal	 stresses	 are	 still	 non‐zero,	 but	
only	in	the	proximity	of	the	free	surfaces.	A	proposal	that	stems	from	the	present	work	
is	 the	nature	of	 the	 internal	 length‐scale	 contributing	 toward	 internal	 stresses.	This	 is	
expressed	 in	 terms	 of	 the	 average	 slip‐plane	 spacing	 through	 the	 dislocation	 density	
argument.	 A	 comparison	 of	 the	 model	 predictions	 with	 experimental	 results	 on	
monotonic	 micro‐beam	 bending	 suggests	 that	 the	 initial	 internal	 length‐scale	 should	




subjected	 to	 homogeneous	 or	 non‐homogeneous	 loading.	 Cyclic	 responses	 of	 the	
specimens	 under	 pure	 bending	 and	 straightening	 are	 also	 explored	 and	 the	
experimentally	observed	 length‐scale	dependent	Bauschinger	effect	 is	captured.	Again,	
it	 is	 important	 to	 note	 that	 this	 effect	 stems	 from	 the	 GND‐free	 surface	 long‐range	
interaction.	 The	 resulting	 contributions	 of	 the	 isotropic	 and	 kinematic	 hardening	 are	
quantified	in	the	stress‐strain	responses.	
	In	 closing,	we	would	 like	 to	mention	 the	 recent	work	by	Cherednichenko	 (2010)	
that	 introduces	 the	 idea	 of	 continuum	 representation	 of	 image	 fields,	 although	 the	
underlying	 mathematical	 representation	 is	 different	 from	 ours.	 In	 comparison	 to	 the	
present	work	 that	relies	on	 the	 theory	of	elasticity	and	kinematic	 incompatibility,	 that	
work	constructs	image	fields	through	statistical‐mechanics	based	ensemble	averaging	of	
dislocations	 (Groma,	 1997;	 Groma	 and	 Balogh,	 1999;	 Yefimov	 et	 al.,	 2004),	 similar	 to	
that	 of	 Vinogradov	 and	 Willis	 (2008).	 The	 resulting	 elegant	 formulation	 embeds	 an	
enriched	 nonlocal	 constitutive	 law	 that	 tracks	 plasticity	 through	 dislocation	 density	







5  Summary and Recommendations  
	
In	 this	chapter,	we	summarize	 the	key	contributions	of	 this	 thesis	and	provide	an	
outlook	into	the	future	developments	along	the	chosen	direction.		
5.1 Summary 
Classical	 continuum	 crystal	 plasticity	 theories	 are	 successful	 to	 predict	 inelastic	
behavior	of	material	in	macroscopic	scale	while	it	fails	to	capture	size	dependency	of	the	
material	 when	 sub	 structural	 counterparts	 or	 specimen	 sizes	 are	 comparable	 with	
microstructural	characteristic	 length.	Therefore,	 to	explain	some	of	 the	experimentally	
observed	 length‐scale	 responses	 in	 crystalline	 materials,	 traditional	 continuum	
mechanics	 of	 plastic	 deformation	 is	 augmented	 with	 a	 variety	 of	 dislocation	 related	
mechanisms.	 In	 this	 thesis,	 we	 explore	 the	 length‐scale	 dependent	 behaviors	 of	 FCC	
crystalline	materials	 in	 terms	 of	 GND	 interaction	mechanisms	 at	 different	 scales.	 The	
three	GND	related	mechanisms	investigated	in	this	thesis	are	summarized	as	follows:		
(i)	 Short‐range	 interaction	between	GNDs	 and	 SSDs	 is	 considered	 in	 chapter	 2	 in	
terms	of	length‐scale	dependent	Taylor	hardening	model.	This	phenomenon	is	modeled	
using	 the	 Mechanism‐based	 Slip	 Gradient	 Crystal	 Plasticity	 (MSG‐CP),	 which	 is	
implemented	 by	 the	 author	 as	 a	 user‐material	 subroutine	 (UMAT)	 within	
ABAQUS/STANDARD®.	Using	this	implementation,	the	length‐scale	dependent	behavior	
of	model	 single	 crystal	MMC	 architectures	 under	 thermal	 and	mechanical	 loading	 are	
investigated.	Specifically,	role	of	initial	thermal	GND	density	on	the	subsequent	response	
under	mechanical	 loading	 is	 investigated	 for	 certain	 crystal	 orientations.	 The	 length‐




exhibit	 the	 characteristic	 tension‐compression	 asymmetry	 arising	 from	 pre‐existing	
internal	(thermally‐induced)	residual	stresses	that	is	now	length‐scale	dependent.		
(ii)	Another	important	result	that	emanates	from	the	MSGCP‐MMC	investigations	is	
the	 negligible	 effect	 of	 inclusion	 shape	 (whether	 round	 or	 sharp‐cornered)	 at	 small	
sizes.	This	is	because	the	high	triaxiality	that	exists	in	the	matrix	surrounding	the	sharp	
corners	 is	smeared	out	by	the	hardened	GND	zone	around	the	 inclusions	 that	 is	about	
the	same	spatial	extent	as	the	stress	concentration	at	corners.		
(iii)	 The	 MSGCP	 implementation	 is	 also	 used	 in	 systematic	 simulations	 of	








(iv)	 The	 thesis	 then	 expands	 its	 scope	 to	 address	 the	 length‐scale	 dependent	
internal	 stress	 arising	 from	 long‐range	 GND‐GND	 interaction.	 A	 nonlocal	 continuum	
crystal	plasticity	is	developed	to	account	for	these	residual	stresses	arising	from	a	non‐
homogeneous	 distribution	 of	 GND	 density.	 The	 thesis	 proposes	 a	 stress	 functions	
approach	 to	 analytically	 derive	 the	 length‐scale	 dependent	 3D	 internal	 stress	 tensor.	
This	 internal	 stress	 tensor	 is	 incorporated	 into	 continuum	 framework	 using	
thermodynamic	laws.		
(v)	 The	 model	 examples	 treated	 semi‐analytically	 with	 the	 aforementioned	
formulation	 highlight	 the	 importance	 of	 the	 internal	 stress	 on	 the	 length‐scale	
dependent	 strengthening	 and	 hardening	 in	 single	 crystals.	 The	 tapered	 single	 crystal	
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of	 a	 single	 crystal	 lamella	mimics	 a	 nano‐twin	within	a	 grain	 that	undergoes	 shearing	
deformation	and	the	internal	stress‐induced	strengthening	of	a	slip	system	exhibits	Hall‐
Petch	 type	behavior.	 Interestingly,	 at	 small	 structural	 sizes	 the	 strengthening	 tends	 to	
saturate.		
(vi)	 Finally,	 the	 thesis	 addresses	 the	 long‐range	 interaction	 between	 the	 GND	
density	and	traction‐free	boundaries.	Building	up	on	the	stress	functions	approach,	the	
internal	 stress	 formulation	 incorporates	 additional	 image	 stresses	 due	 to	 this	
contribution	through	an	additional	stress	function.	The	resulting	 internal	stress	tensor	
representing	 image	 fields	 is	 length‐scale	 dependent.	 In	 analyzing	 a	 model	 micro‐
architecture	comprising	a	single	crystal	 thin	 film	under	pure	bending,	 it	 is	shown	that	
internal	stresses	also	occur	under	nominally	uniform	curvatures.	The	formalism	reveals	
that	the	micro‐traction	boundary	conditions	in	the	form	of	Peach‐Koehler	force	density	
due	 to	GND	density	 invoked	 in	 the	work	 of	 Gurtin	 (2002)	 can	 be	 construed	 as	 image	
stresses	 imposed	 due	 to	 GND‐surface	 long‐range	 interaction.	 A	 comparison	 with	 the	
experimental	 results	 suggests	 that	 internal	 length‐scale	 is	 a	 function	of	 structural	 and	
microstructural	 dimensions	 and	 may	 increase	 with	 decreasing	 specimen	 dimensions.		
The	 structurally	 dependent	 internal	 length‐scale	 is	 explained	 in	 terms	 of	 the	 recent	




5.2 Recommendations for future work 
The	 work	 compiled	 in	 this	 thesis	 may	 serve	 to	 provide	 a	 basis	 to	 variety	 of	
problems	 in	 the	mechanics	 and	 physics	 of	 length‐scale	 dependent	 plasticity.	 Some	 of	
these	are	identified	and	discussed	here:	
(i)		In	the	MMC	modeling,	we	have	assumed	highly	idealized	microstructures	in	the	
form	 of	 grain	 shapes	 and	 inclusion	 arrangement.	 Further,	 it	 may	 be	 useful	 to	 mimic	
microstructures	 that	 are	 closer	 to	 the	 real	 microstructures.	 A	 simple,	 yet	 plausible	
approximation	 could	 be	 that	 of	 hexagonally‐shaped	 grains	 rather	 than	 the	 square‐
shaped	 approximations	 chosen	 in	 this	 work.	 The	 former	 would	 be	 a	 better	
approximation,	 because	 typically	 one	 finds	 triple	 junctions	 in	 real	 microstructures	
unlike	the	quad‐junctions	in	the	microstructure	with	square	grains.		
(ii)	 The	 length‐scale	 dependent	 MMC	 behaviors	 including	 thermo‐mechanical	
loading	 conditions	 may	 be	 extended	 to	 polycrystalline	 microstructures.	 This	 would	
require	 invoking	 the	 elastic	 anisotropy	 of	 the	 crystals	 to	 render	 differential	 stresses	
across	grain	boundaries,	which	is	already	present	 in	the	MSGCP	UMAT	developed	here	
but	was	not	used	for	simplicity.		
(iii)	 The	 area	 of	 hierarchical	 MMCs	 (Joshi	 and	 Ramesh,	 2007)	 is	 an	 exciting	
direction	 to	 use	 the	 MSGCP	 approach.	 Several	 local	 and	 global	 features	 of	 such	
composite‐within‐composite	architectures	can	be	investigated	with	high	resolution	as	a	
function	of	judiciously	arranged	topologies	with	varying	grain	sizes.	
(iv)	 Our	 MMC	 investigations	 do	 not	 invoke	 higher‐order	 boundary	 conditions,	
which	would	 be	 necessary	 to	 capture	 enhanced	 interactions	 between	 the	 dislocations	
and	 interfaces.	 	 Therefore,	 it	 would	 be	 worthwhile	 to	 endow	 the	 current	 crystal	
plasticity	 code	 with	 higher‐order	 gradients.	 Within	 ABAQUS,	 this	 would	 entail	
developing	 a	 full‐fledged	 user‐element	 (UEL)	 that	 would	 enable	 calculating	 second	
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gradients	 of	 plastic	 slip	 (i.e.	 first	 gradient	 of	 the	 GND	 density),	 of	 which	 the	 current	
UMAT	would	be	a	part.			
(v)	The	stress	 functions	approach	to	account	 for	 internal	stresses	while	attractive	
and	 insightful,	 has	 limitations	 that	 explicit	 solutions	 are	 possible	 only	 for	 a	 limited	
number	of	cases	such	as	those	with	regular	geometry,	ideal	boundary	conditions,	elastic	
isotropy.	Although,	we	have	provided	a	brief	outline	of	the	extension	of	this	approach	to	
elastically	 anisotropic	 materials,	 a	 complete	 solution	 to	 a	 boundary	 value	 problem	 is	
expected	 to	 be	 quite	 complicated.	 Hence,	 it	 may	 be	 useful,	 or	 perhaps	 necessary,	 to	
develop	a	finite	element	approach	that	calculates	these	internal	stresses.		
(vi)	 In	 the	context	of	stress	 function	approach	which	has	developed	 in	this	 thesis,	
some	 fundamental	 cases	which	 are	 interesting	 for	 large	mechanics	 community	 can	be	
investigated	 where	 appropriate	 Green	 functions	 are	 available	 or	 can	 be	 derived.	 For	
instance,		
‐ Torsion	 of	 single	 crystalline	 micro	 wire	 comprising	 uniform	 distribution	 of	
screw	dislocation.	
‐ MMC	 unit	 cell	 comprising	 circular	 inclusion	 and	 crystalline	 matrix	 where	




(viii)	 Alternatively,	 the	 surface	 dislocation	model	 proposed	 by	 Jagannadham	 and	
Marcinkowski	 (1978)	 can	 be	 incorporated	 to	 account	 for	 image	 effect	 while	 simple	
infinite	medium	green	functions	are	used.	
(viii)	 In	 the	 case	 of	 complicated	 topologies	 and	 non‐ideal	 higher‐order	 traction	
boundary	 conditions,	 the	 stress	 function	 approach	 is	 not	 a	 very	 useful	 approach	 to	
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metal	 matrix	 composites	 using	 mechanism‐based	 gradient	 crystal	 plasticity.	
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Appendix A. A Note on Continuum Descriptions of 
GND Density Tensor  
Strain	 gradient	 (nonlocal)	 theories	 invoke	 the	 existence	 of	 excess	 dislocations	
commonly	 referred	 to	 as	 the	 geometrically	 necessary	 dislocations	 (GNDs)	 that	 are	
necessary	to	maintain	geometric	compatibility	during	plastic	deformation	(Ashby,	1970;	
Nye,	 1953).	 Hence	 a	 continuum	 description	 of	 dislocations	 is	 necessary	 to	 explicitly	
account	 their	 effects	 into	 continuum	 theories.	 Here,	 we	make	 a	 comparison	 between	
different	 continuum	 descriptions	 of	 GNDs	 corresponding	 to	 the	 different	 basis	 which	
researchers	used	in	this	field.	
(Nye,	 1953)	 first	 presented	 the	 tensorial	 form	 of	 the	 GND	 density	 in	 continuum	
framework,	 now	 commonly	 referred	 to	 as	 Nye	 dislocation	 density	 tensor.	 This	
dislocation	density	tensor	is	written	in	terms	of	scalar	dislocation	density	as	
ۯே ൌ෍ܾ൫ߩఈୄ܊ఈ ⊗ ܔα ൅ ߩ⨀ఈ܊α⊗܊α൯
ఈ
	 (A.1)	
where	 the	 subscript	N	 indicates	 Nye’s	 definition.	 ߩఈୄ	 and	 ߩ⨀ఈ 	 are	 the	 scalar	 edge	 and	
screw	GND	density	on	slip	system	ߙ	respectively,	ܾ	is	the	Burgers	vector	magnitude	and	
܊α	and	ܔα	are	unit	vectors	in	the	direction	of	Burgers	vector	and	dislocation	line	for	slip	
system	ߙ,	 respectively.	Note	 that	 this	expansion	depends	on	 the	 choice	of	basis	as	we	
show	later,	but	for	any	prescribed	basis	the	scalar	densities	are	unique.	
Since	the	continuum	description	of	 the	screw	dislocations	 is	 the	same	 in	different	
conventions,	without	loss	of	generality,	we	only	consider	edge	GNDs	in	remaining	part	of	
this	 article	 for	 only	 one	 slip	 system.	 Clearly,	 the	 discussion	 can	 be	 generalized	 for	
multiple	slip	as	well.	
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For	 a	 dislocation	 shown	 in	 Figure	 A.1,	 Eq.	 (A.1)	 is	written	 in	 terms	 of	 the	 global	
coordinates	as		
ۯே ൌ ܾߩୄ ܍ܠ ⊗ ሺെ܍ܢሻ	 (A.2) 24 
where	b	is	the	Burgers	magnitudes.	The	only	non‐zero	component	of	GND	density	tensor	
is	obtained	as	ሺܣேሻ௫௭ ൌ െܾߩୄ .	
Nye’s	 definition	 of	 positive	 and	 negative	 edge	 dislocations	 under	 plane	 strain	
assumption	where	dislocation	lines	are	in	plane	are	shown	in	Fig.	A.2	(Nye,	1953)	
																																																													






Based	 on	 this	 definition	 of	 dislocation	 density	 tensor,	 the	 relation	 between	 the	
dislocation	density	and	lattice	curvature	is	obtained	as	




incompatible	 terms.	For	example,	 consider	plane	strain	bending	of	a	crystalline	 lattice	
shown	in	Fig.	A3.	Nye	relation	is	written	as	ܭ௫௭ ൌ ሺܣேሻ௫௭	(Eq.	(A.3))	where	both	ܭ௫௭	and	













smooth	 surface	 ܵ	 bounded	 by	 a	 closed	 curve	 ܥ.	 The	 net	 Burger’s	 vector	 ܊	 of	 the	
dislocations	piercing	through	ܵ	is	defined	by	(using	Stokes	formula)	
܊ ൌ ර ሺ۴௘ሻିଵ݀ܠ
஼
ൌ െන ሺܿݑݎ݈ ሺ۴௘ሻିଵሻ்
ௌ
∙ ࢔ ݀ܵ	 (A.4) 
where	ܖ	is	unit	normal	to	ܵ	and	۴ࢋ	is	elastic	deformation	gradient.	Using	Stokes	formula,	
the	GND	dislocation	density	tensor	is	obtained	as	
ሺۯேሻ் ൌ െܿݑݎ݈ ሺ۴௘ሻିଵ	 (A.5) 
In	the	case	of	small	deformation	theory,	the	elastic	deformation	gradient	is	written	
in	terms	of	displacement	gradient	as	۴௘ ൌ ۷ ൅ ۶௘.	Then,	Eq.	(A.5)	may	be	approximated	
by	
ሺۯேሻ் ൌ ܿݑݎ݈ ሺ۶௘ሻ ൌ െܿݑݎ݈ ሺ۶௣ሻ	 (A.6) 
This	convention	for	GND	density	description	is	used	by	(Ashby,	1970)	and	(Forest,	
2008)	as	well.	Arsenlis	and	Park	(1999)	adopted	a	similar	notation,	but	with	the	small	
difference	 that	 the	 dislocation	 line	 is	 defined	 in	 the	 opposite	 sense	 to	 that	 of	 the	Nye	
definition.	They	rewrote	Eq.	(A.2)	as	ۯ஺௉ ൌ ߩୄ ܾ܍ܠ ⊗ ሺ܍ܢሻ,	which	results	in	the	non‐zero	
components	given	as		ሺܣ஺௉ሻ௫௭ ൌ ߩୄ ܾ.	Similarly,	lattice	curvature	‐	GND	density	relation	
where	elastic	lattice	curvature	is	neglected	is	rewritten	as	
۹ ൌ െۯ஺௉ ൅ 12 ݐݎሺۯ஺௉ሻ	 (A.7) 
and	the	GND	density	tensor	is	defined	as	




ሺۯ஺௉ሻ் ൌ െܿݑݎ݈ ሺ۶௘ሻ ൌ ܿݑݎ݈ ሺ۶௣ሻ	 (A.9) 
In	short,	the	continuum	descriptions	of	GND	density	tensor	provided	by	Nye	(1953)	
and	Arsenlis	and	Parks	(1999)	can	be	related	as	
ۯ஺௉ ൌ െۯே	 								(A.10) 
where	the	negative	sign	is	simply	due	to	the	difference	in	the		directions	of	dislocation	
line	in	these	two	description	(Figure	A.2	and	Figure	A.3).		
Another	 continuum	 description	 of	 the	 GND	 density	 tensor	 is	 used	 extensively	 by	
Gurtin	 and	 coworkers	 (Cermellia	 and	 Gurtin,	 2000;	 Gurtin,	 2002)	 and	 Gao	 and	
coworkers	(Gao,	2001;	Han	et	al.,	2005b;	Nix	and	Gao,	1998)	
ۯீீ ൌ෍ܾ൫ߩఈୄܔα⊗܊α ൅ ߩ⨀ఈ܊α⊗܊α൯
ఈ
	 								(A.11) 
which	 is	 the	 transpose	 of	 Nye’s	 definition	 of	 the	 GND	 density	 tensor.	 Then,	 for	
dislocation	shown	in	Figure	A.1,	the	only	nonzero	component	of	ۯீீ 	is	ሺܣீீሻ௭௫ ൌ ܾߩୄ .	
Using	this	notation,	the	lattice	curvature‐GND	density	relation	is	written	as	
۹ ൌ െሺۯீீሻ் ൅ 12 ݐݎሺۯீீሻ
் 	 							(A.12) 
As	a	summary,	we	obtain	
ሺۯீீሻ் ൌ ۯ஺௉ ൌ െۯே	 								(A.13)




Appendix B. Kernel functions 
As	 shown	 in	 chapter	 3,	 internal	 residual	 stress	 for	 elastically	 isotropic	 medium	
under	plane	strain	condition	can	be	written	as		
ܶሺ࢘ሻ௜௝∗ ൌ െߝ௜௣௭ߝ௝௤௭ ׬ ߝ௠௡௭߯௠௣௤ܣ்ሺ࢘ᇱሻ௭௡ܸ݀௏ 					݅, ݆, ݌, ݍ,݉, ݊ ൌ ሺݔ, ݕሻ	 (B.1)	
where	߯	 is	 the	kernel	 function,	which	depends	on	 the	dimensionality,	 geometry	of	 the	
problem	and	the	elastic	properties	of	the	material.	Note	that	first	indices	in	߯	associated	
with	 the	 Burger	 vector	 direction	 while	 last	 two	 indices	 prescribes	 the	 stress	
components.	
B‐1	Elastically	isotropic	infinite	medium	solution	
The	kernel	 function	corresponding	 to	 the	elastically	 isotropic	 infinite	medium	can	
be	obtained	from	infinite	Green	function	solution	as		
෤߯௠௣௤ ൌ ܩ෨,௠௣௤	 (B.2)	
where	 the	 infinite	Green	 function	 for	 infinite	medium	has	 been	 proposed	 by	 (Kröner,	
1959)	as	
ܩ෨ ൌ െܦ ሺߦ
ଶ ൅ ߟଶሻ
2 lnሺඥߦଶ ൅ ߟଶሻ	 (B.3)	
where	 ሺߦ, ߟሻ	 is	 the	 local	 Cartesian	 coordinate	 system	 and	 ܦ ൌ ߤ ሺ2ߨሺ1 െ ߥሻሻ⁄ 	 is	 the	












ሺܯଶ ൅ ܰଶሻଶ 		
෤߯௫௬௬ ൌ ܦ݄
ܯሺܰଶ െܯଶሻ




ሺܯଶ ൅ ܰଶሻଶ 	
(B.4)	





stress	 function	 based	 approach	 using	 complex	 Fourier	 transform	 is	 adapted	 from	
(Fotuhi	and	Fariborz,	2008).	For	completeness,	we	describe	these	finite	kernel	functions	
for	a	structure	with	edge	dislocations	of	unit	Burgers	vectors	in	ݔ	and	ݕ	directions,	but	
with	 a	 somewhat	modified	notations.	We	 introduce	a	 local	 coordinate	 system	 ሺߦ, ߟሻ	at	
the	 point	 where	 the	 internal	 stress	 is	 required,	 while	 the	 origin	 for	 the	 global	
coordinates	ሺݔ, ݕሻ	is	placed	at	the	neutral	axes	(fig.	2).	Since	infinity	assumption	is	made	
in	x	direction,	the	kernel	function	are	independent	of	global	x	coordinate.	




݉, ݌, ݍ ൌ ሺݔ, ݕሻ	
(B.5)	
where	 ߙ	 is	 a	 transform	 variable	 in	 the	 complex	 Fourier	 transformation	 approach	
representing	non‐dimensional	spatial	frequency	and	
௠݂௣௤ ൌ ቊ ௠݂௣௤
ଵ ሺܯ,ܰ, ܻ, ߙሻ 0 ൑ ܰ ൑ 1 െ ܻ
௠݂௣௤ଶ ሺܯ,ܰ, ܻ, ߙሻ െ 1 െ ܻ ൑ ܰ ൑ 0  
݃௠௣௤ ൌ ቊ
݃௠௣௤ଵ ሺܯ,ܰ, ܻ, ߙሻ																0 ൑ ܰ ൑ 1 െ ܻ		





݃௬௬௬ଵ ൌ ଵଶగሺଵିఔሻ ሺ2 ൅ ߙܰሻ݁ାఈே ∙ cosሺߙܯሻ , ݃௫௬௬ଵ ൌ െ
ଵ
ଶగሺଵିఔሻ ሺ1 ൅ ߙܰሻ݁ఈே ∙ sinሺߙܯሻ 
݃௬௬௬ଶ ൌ െ ଵଶగሺଵିఔሻ ሺ2 െ ߙܰሻ݁ିఈே ∙ cosሺߙܯሻ,				݃௫௬௬ଶ ൌ ൅
ଵ
ଶగሺଵିఔሻ ሺ1 െ ߙܰሻ݁ିఈே ∙ sinሺߙܯሻ 
݃௬௫௫ଵ ൌ െ ଵଶగሺଵିఔሻ ߙܰ݁ఈே ∙ cosሺߙܯሻ ,               ݃௫௫௫ଵ ൌ െ
ଵ
ଶగሺଵିఔሻ ሺ1 െ ߙܰሻ݁ఈே ∙ sinሺߙܯሻ 
݃௬௫௫ଶ ൌ െ ଵଶగሺଵିఔሻ ߙܰ݁ିఈே ∙ cosሺߙܯሻ ,    										݃௫௫௫ଶ ൌ െ
ଵ
ଶగሺଵିఔሻ ሺ1 ൅ ߙܰሻ݁ିఈே ∙ sinሺߙܯሻ 
݃௬௫௬ଵ ൌ െ ଵଶగሺଵିఔሻ ሺ1 ൅ ߙܰሻ݁ఈே ∙ sinሺߙܯሻ ,         ݃௫௫௬ଵ ൌ െ
ଵ
ଶగሺଵିఔሻ ߙܰ݁ఈே ∙ cosሺߙܯሻ 
݃௬௫௬ଶ ൌ െ ଵଶగሺଵିఔሻ ሺ1 െ ߙܰሻ݁ିఈே ∙ sinሺߙܯሻ ,       ݃௫௫௬ଶ ൌ െ
ଵ









Aଵ୷ ∙ sinሺߙܯሻ቉ ൫െ൫1 ൅ ߙሺܻ െ 1ሻ൯݁
ఈሺ௒ିଵሻ
൅ ൫1 െ ߙሺܻ െ 1ሻ൯݁ିఈሺ௒ିଵሻ൯
൅ ቈCଵ
୶ ∙ cosሺߙܯሻ
Cଵ୷ ∙ sinሺߙܯሻ቉ ቀ൫2 ൅ ߙ
ሺܻ െ 1ሻ൯݁ఈሺ௒ିଵሻ






Aଶ୷ ∙ sinሺߙܯሻ቉ ൫െ൫1 ൅ ߙሺܻ ൅ 1ሻ൯݁
ఈሺ௒ାଵሻ
൅ ൫1 െ ߙሺܻ ൅ 1ሻ൯݁ିఈሺ௒ାଵሻ൯
൅ ቈCଶ
୶ ∙ cosሺߙܯሻ
Cଶ୷ ∙ sinሺߙܯሻ቉ ቀ൫2 ൅ ߙ
ሺܻ ൅ 1ሻ൯݁ఈሺ௒ାଵሻ






Aଵ୷ ∙ sinሺߙܯሻ቉ ቀ൫1 െ ߙሺܻ െ 1ሻ൯݁
ఈሺ௒ିଵሻ
െ ൫1 ൅ ߙሺܻ െ 1ሻ൯݁ିఈሺ௒ିଵሻቁ
൅ ቈCଵ
୶ ∙ cosሺߙܯሻ
Cଵ୷ ∙ sinሺߙܯሻ቉ ൫ߙሺܻ െ 1ሻ݁









Aଶ୷ ∙ sinሺߙܯሻ቉ ቀ൫1 െ ߙሺܻ ൅ 1ሻ൯݁
ఈሺ௒ାଵሻ
െ ൫1 ൅ ߙሺܻ ൅ 1ሻ൯݁ିఈሺ௒ାଵሻቁ
൅ ቈCଶ
୶ ∙ cosሺߙܯሻ
Cଶ୷ ∙ sinሺߙܯሻ቉ ൫ߙሺܻ ൅ 1ሻ݁




቉ ൌ െ 4ߨΔ൭ቈ
Aଵ୶ ∙ sinሺߙܯሻ
Aଵ୷ ∙ cosሺߙܯሻ቉ ቀ൫െߙሺܻ െ 1ሻ൯݁
ఈሺ௒ିଵሻ ൅ ൫ߙሺܻ െ 1ሻ൯݁ିఈሺ௒ିଵሻቁ
൅ ቈCଵ
୶ ∙ sinሺߙܯሻ
Cଵ୷ ∙ cosሺߙܯሻ቉ ቀ൫1 ൅ ߙሺܻ െ 1ሻ൯݁
ఈሺ௒ିଵሻ




቉ ൌ െ 4ߨΔ൭ቈ
Aଶ୶ ∙ sinሺߙܯሻ
Aଶ୷ ∙ cosሺߙܯሻ቉ ቀ൫െߙሺܻ ൅ 1ሻ൯݁
ఈሺ௒ାଵሻ ൅ ൫ߙሺܻ ൅ 1ሻ൯݁ିఈሺ௒ାଵሻቁ
൅ ቈCଶ
୶ ∙ sinሺߙܯሻ
Cଶ୷ ∙ cosሺߙܯሻ቉ ቀ൫1 ൅ ߙሺܻ ൅ 1ሻ൯݁
ఈሺ௒ାଵሻ ൅ ሺെ1
൅ ߙሺܻ ൅ 1ሻሻ݁ିఈሺ௒ାଵሻቁ൱	
The	coefficients	are	defined	as	
ܣଵ௫ ൌ ܮହሺܮଶܵ଺ ൅ ܮହܵ଻ ൅ ܮସ଼ܵሻ, ܣଶ௫ ൌ െܮହሺܮଵܵ଺ ൅ ܮହܵହ ൅ ܮଷ଼ܵሻ
ܣଵ௬ ൌ െܮହሺܮଶܵଶ ൅ ܮହܵଷ ൅ ܮସܵସሻ, ܣଶ௬ ൌ ܮହሺܮଵܵଶ ൅ ܮହ ଵܵ ൅ ܮଷܵସሻ	
ܥଵ௫ ൌ ܮହܮଵܵ଻ ൅ ܮଵܮସ଼ܵ െ ܮହܮଶܵହ െ ܮଶܮଷ଼ܵ,						ܥଶ௫
ൌ ܮହܮଷܵ଻ ൅ ܮଷܮଶܵ଺ െ ܮହܮସܵହ െ ܮସܮଵܵ଺	
ܥଵ௬ ൌ ܮହܮଶ ଵܵ ൅ ܮଶܮଷܵସ െ ܮହܮଵܵଷ െ ܮଵܮସܵସ,						ܥଶ௬
ൌ ܮହܮସ ଵܵ ൅ ܮସܮଵܵଶ െ ܮହܮଷܵଷ െ ܮଷܮଶܵଶ	
Δ ൌ ሺܮଵܵଶ ൅ ܮହ ଵܵ ൅ ܮଷܵସሻሺܮଶܵ଺ ൅ ܮହܵ଻ ൅ ܮସ଼ܵሻ െ ሺܮଶܵଶ ൅ ܮହܵଷ ൅ ܮସܵସሻሺܮଵܵ଺





ܮଵ ൌ െሺ1 ൅ 2ߙሺܻ ൅ ܰሻ െ 2ߙଶ൫ሺ1 െ ܻሻ െ ܰ൯൫ሺ1 ൅ ܻሻ ൅ ܰ൯݁ଶఈ െ ሺ1
െ 2ߙሺܻ ൅ ܰሻ െ 2ߙଶ൫ሺ1 െ ܻሻ െ ܰ൯൫ሺ1 ൅ ܻሻ ൅ ܰ൯݁ିଶఈ
൅ ሺ1 ൅ 2ߙሻ݁ଶఈሺ௒ାேሻ ൅ ሺ1 െ 2ߙሻ݁ିଶఈሺ௒ାேሻ	
ܮଶ ൌ െ݁ଶఈ൫ሺଵା௒ሻାே൯ െ ݁ିଶఈ൫ሺଵା௒ሻାே൯ ൅ 2 ൅ 4ߙଶ൫ሺ1 ൅ ܻሻ ൅ ܰ൯ଶ	
ܮଷ ൌ ݁ଶఈ൫ሺଵି௒ሻିே൯ െ ݁ିଶఈ൫ሺଵି௒ሻିே൯ ൅ 2 ൅ 4ߙଶ൫ሺ1 െ ܻሻ െ ܰ൯ଶ	
ܮସ ൌ ሺ1 െ 2ߙሺܻ ൅ ܰሻ െ 2ߙଶ൫ሺ1 െ ܻሻ െ ܰ൯൫ሺ1 ൅ ܻሻ ൅ ܰ൯݁ଶఈ ൅ ሺ1 ൅ 2ߙሺܻ ൅ ܰሻ
െ 2ߙଶ൫ሺ1 െ ܻሻ െ ܰ൯൫ሺ1 ൅ ܻሻ ൅ ܰ൯݁ିଶఈ െ ሺ1 െ 2ߙሻ݁ଶఈሺ௒ାேሻ
െ ሺ1 ൅ 2ߙሻ݁ିଶఈሺ௒ାேሻ	
ܮହ ൌ െߙ ቀ2 ൅ 2ߙ൫ሺ1 െ ܻሻ െ ܰ൯൫ሺ1 ൅ ܻሻ ൅ ܰ൯ቁ ݁ଶఈ
െ ߙ ቀ2 െ 2ߙ൫ሺ1 െ ܻሻ െ ܰ൯൫ሺ1 ൅ ܻሻ ൅ ܰ൯ቁ ݁ିଶఈ
൅ 2ߙ൫݁ଶఈሺ௒ାேሻ ൅ ݁ିଶఈሺ௒ାேሻ൯	
ଵܵ ൌ ቀ2 െ 4ߥ ൅ 2ߙ൫ሺ1 െ ܻሻ െ ܰ൯ቁ ݁ఈ൫ሺଵି௒ሻିே൯
൅ ቀെ2 ൅ 4ߥ ൅ 2ߙ൫ሺ1 െ ܻሻ െ ܰ൯ቁ ݁ିఈ൫ሺଵି௒ሻିே൯	
ܵଶ ൌ ቀ4 െ 4ߥ ൅ 2ߙ൫ሺ1 െ ܻሻ െ ܰ൯ቁ ݁ఈ൫ሺଵି௒ሻିே൯
൅ ቀ4 െ 4ߥ െ 2ߙ൫ሺ1 െ ܻሻ െ ܰ൯ቁ ݁ିఈ൫ሺଵି௒ሻିே൯	
ܵଷ ൌ ቀ2 െ 4ߥ ൅ 2ߙ൫ሺ1 ൅ ܻሻ ൅ ܰ൯ቁ ݁ఈ൫ሺଵା௒ሻାே൯
൅ ቀെ2 ൅ 4ߥ ൅ 2ߙ൫ሺ1 ൅ ܻሻ ൅ ܰ൯ቁ ݁ିఈ൫ሺଵା௒ሻାே൯	
ܵସ ൌ ቀെ4 ൅ 4ߥ െ 2ߙ൫ሺ1 ൅ ܻሻ ൅ ܰ൯ቁ ݁ఈ൫ሺଵା௒ሻାே൯
൅ ቀെ4 ൅ 4ߥ ൅ 2ߙ൫ሺ1 ൅ ܻሻ ൅ ܰ൯ቁ ݁ିఈ൫ሺଵା௒ሻାே൯	
ܵହ ൌ ቀെ4 ൅ 4ߥ ൅ 2ߙ൫ሺ1 െ ܻሻ െ ܰ൯ቁ ݁ఈ൫ሺଵି௒ሻିே൯




ܵ଺ ൌ ቀെ2 ൅ 4ߥ ൅ 2ߙ൫ሺ1 െ ܻሻ െ ܰ൯ቁ ݁ఈ൫ሺଵି௒ሻିே൯
൅ ቀ2 െ 4ߥ ൅ 2ߙ൫ሺ1 െ ܻሻ െ ܰ൯ቁ ݁ିఈ൫ሺଵି௒ሻିே൯	
ܵ଻ ൌ ቀ4 െ 4ߥ െ 2ߙ൫ሺ1 ൅ ܻሻ ൅ ܰ൯ቁ ݁ఈ൫ሺଵା௒ሻାே൯
൅ ቀ4 െ 4ߥ ൅ 2ߙ൫ሺ1 ൅ ܻሻ ൅ ܰ൯ቁ ݁ିఈ൫ሺଵା௒ሻାே൯	
଼ܵ ൌ ቀെ2 ൅ 4ߥ ൅ 2ߙ൫ሺ1 ൅ ܻሻ ൅ ܰ൯ቁ ݁ఈ൫ሺଵା௒ሻାே൯
൅ ቀെ2 ൅ 4ߥ ൅ 2ߙ൫ሺ1 ൅ ܻሻ ൅ ܰ൯ቁ ݁ିఈ൫ሺଵା௒ሻାே൯	
Noting	 the	 components	 of	 kernel	 function	߯̂௠௣௤	 associated	with	 finite	medium,	 it	
can	be	seen	that	interchanging	the	indices	do	not	change	the	functionality	of	the	kernel	


































Mሺൌ ߦ/݄ሻ,	Nሺൌ ߟ/݄ሻ	and	Yሺൌ ݕ/݄ሻ.	Figure	C.1	shows	in	detail	the	variation	of	the	term	
P1	with	respect	to	ߙ	and	ܰ	for	different	values	of	ܯ	and	ܻ.	Generally	it	can	be	seen	that	
independent	 of	 other	 parameters,	 P1	 is	 a	 continuous	 and	 decay	 function	 of	 ߙ	 which	
ensure	convergence	of	infinite	integration	in	expression	P2.	Note	that	decaying	distance	
on	ߙ	does	not	change	with	variation	of	M	however	it	increases	when	Y	approaches	to	1.	




























































n (No. integration points)
     














Dislocation distance form the point (N)
Y=0 
M=5 
































Dislocation distance form the point (N)
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thickness	which	 is	 negative	 at	 top	 and	 positive	 at	 the	 bottom	of	 the	 film.	 In	 addition,	
Variation	 of	 expression	 P3	 at	 the	 film	 surface	 (ܻ ൌ 1)	 versus	 distance	 ܯ	 and	 its	
convergence	are	drawn	 in	Fig.	C4c	 It	 can	be	 seen	 that	 the	 stress	of	dislocation	wall	 is	
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